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3B The vielbein formalism for spinors in General

Relativity.

In this appendix we review how spinors are put into curved space,1 and we explain the
construction of the spin connection ωµ

mn(e) in terms of vielbein fields. For definitiness
we consider 4-dimensional space with Minkowski signature, although our results hold for
any dimension and any signature. It was known in the 1920’s that there were problems
with putting spinors in curved space because there is no covering group for the group
of general coordinate transformations. This problem was solved by Wigner in 1929 who
introduced vielbeins and spin connections into physics (in mathematics they had already
been discovered by Élie Cartan in 1913 in his studies of the matrix representations of
orthogonal groups) and who put the 1928 Dirac equation in curved space. Later that
same year Weyl gave the reformulation of Einstein’s 1917 theory of General Relativity in
terms of vielbeins and spin connections [54].

Wigner’s starting point was the Clifford algebra in flat space, {γm, γn} = 2ηmn with
ηmn = (−1,+1,+1,+1) the Minkowski metric. In curved space ηmn is replaced by the
metric gµν(x), hence the Clifford algebra becomes

{γµ(x), γν(x)} = 2gµν(x) (3B.1)

Because the right-hand side depends on x, the object γµ on the left-hand side also depend
on x as we already have indicated. We can expand γµ(x) in terms of the constant Dirac
matrices γm of flat space as follows

γµ(x) = γmem
µ(x) (3B.2)

(A more general solution is γµ(x) = S(x)γmS−1(x)em
µ(x) but Wigner took (3B.2)). The

matrices em
µ(x) are called the (inverse) vielbein fields2. Substitution of (3B.2) into (3B.1)

shows that the metric is the product of two vielbeins, or, rather more exciting, the vielbein
fields em

µ are the square root of the metric

ηmnem
µen

ν = gµν (3B.3)

Defining eµ
m as the (matrix) inverse of em

µ (so that eµ
mem

ν = δµ
ν and em

µeµ
n = δm

n) we
also have

gµν = eµ
meν

nηmn (3B.4)

The usual action for gravity is formulated in terms of the metric gµν and the Christoffel
symbol Γµν

ρ instead of the vielbein field eµ
m and the spin connection ωµ

mn. One can

1The term spinor was introduced by Ehrenfest in 1929 in a letter to van der Waerden asking whether
there exist a spinor calculus similar to the tensor calculus for General Relativity.

2In the German literature of the 1920’s they were called Vierbein fields where vier = four in German,
and bein = leg. In the English literature this became tetrads (tessara = four in Greek). Gell-Mann
coined the word vielbeins because viel = many in German. In French Cartan called them repères mobiles
(moving frames). The geometrical meaning of eµ

m(x) in General Relativity is that it gives the orientation
of the axes ξm of freely falling lifts at a point X with respect to the coordinates xµ of the curved manifold:

eµ
m(x) =

∂

∂xµ
ξmX (x)

∣∣∣∣
x=X
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establish a relation between both formalisms, following E. Cartan, as follows. Given a
vector field vµ with “curved index” µ, one can construct a vector field vm by contraction
with a vielbein field

vm(x) = vµ(x)eµ
m(x) (3B.5)

Conversely, given a vector field vm with “flat index” m, one can define vµ = vmem
µ

where em
µ is the matrix inverse of eµ

m. Parallel transport of vµ is defined in terms of the
Christoffel symbol

ṽµ(x+ ∆x) = vµ(x)−∆xρΓρσ
µ(x)vσ(x) (3B.6)

whereas parallel transport of vm is defined in terms of the spin connection

ṽm(x+ ∆x) = vm(x)−∆xρωρ
m
n(x)vn(x) (3B.7)

The geometrical meaning of the vielbein field eµ
m is that it gives the orientation of the

inertial frames with respect to the coordinates xµ of curved space. Then vµ(x) are the
components of the vector v with respect to xµ, and vm are the components of v with
respect to the inertial frame. In other words vµ and vm describe the same vector, just in
different frames, and then parallel transport of vµ and vm should give the same result.
Then the operations of parallel transport and projection onto flat or curved indices should
commute. If we first transport vµ(x) and then convert at x+∆x to flat indices, we should
get the same result as when we first convert vµ(x) to flat indices at x and then transport
to x+ ∆x

[ṽµ(x+ ∆x)] eµ
m(x+ ∆x) = ṽm(x+ ∆x) (3B.8)

Substituting (3B.5), (3B.6) and (3B.7) yields

[vµ(x)−∆xρΓρσ
µvσ(x)] eµ

m(x+ ∆x) = vm(x)−∆xρωρ
m
n(x)vn(x) (3B.9)

Expanding eµ
m(x+ ∆x) to first order in ∆x, the terms without ∆x yield (3B.5), and to

first order in ∆x one finds

vµ(x)∆xρ∂ρeµ
m(x)−∆xρΓρσ

µvσ(x)eµ
m(x) = −∆xρωρ

m
n(x)vn(x) (3B.10)

Extracting ∆xρ and vµ(x) one arrives at what is called the vielbein postulate

Dρeµm ≡ ∂ρeµ
m(x)− Γρµ

νeν
m + ωρ

m
neµ

n = 0 (3B.11)

The connection Γρµ
ν “sees” the curved index µ of eµ

m, and the connection ωµ
m
n “sees”

the flat index m. Given Γρµ
ν , one can calculate ωρ

m
n from (3B.11); conversely, given

ωρ
m
n, this equation gives Γρµ

ν .
Up to this point the connections Γµν

ρ and ωµ
m
n were arbitrary, only related by

Dρeµm = 0. In General Relativity one usually introduces at this point more structure
by demanding that length is preserved by parallel transport. For the vector vm this
means

vm(x)ηmnv
n(x) = ṽm(x+ ∆x)ηmnṽ

n(x+ ∆x) (3B.12)

Substituting the expression for ṽm(x + ∆x) one learns that the spin connection is anti-
symmetric

ωµ
mn = −ωµnm

(
ωµ

mn = ωµ
m
kη

kn
)

(3B.13)
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If one requires that the length of vµ(x) is preserved

vµ(x)gµνv
ν(x) = ṽµ(x+ ∆x)gµν(x+ ∆x)ṽν(x+ ∆x) (3B.14)

one finds upon expanding gµν(x+ ∆x) to first order in ∆x that the metric is covariantly
conserved

∂ρgµν − Γρµ;ν − Γρν;µ = 0 (Γρµ;ν = Γρµ
σgσν) (3B.15)

If the vielbein postulate holds, (3B.13) and (3B.15) imply each other as one easily shows,
using gµν = eµ

meν
nηmn.

However, in our case we do not need to impose by hand the requirement that length
is preserved; rather, ωµ

mn is antisymmetric when we interpret ωµ
mn as the gauge field for

local Lorentz transformations whose paramter λmn(x) is antisymmetric.
Having established the relation between ωµ

m
n and Γµν

ρ, and restricting our attention
to antisymmetric ωµ

m
n, we now construct the Riemann tensor. In Yang-Mills theory, one

obtains the curvature from the commutator of two covariant derivative Dρ, so we now
evaluate the commutator

[Dρ,Dσ] eµ
m = 0 (3B.16)

(Because Dσeµm = 0, this commutator still vanishes). Since Dρ contains both a term
with Γµν

ρ and a term with ωµ
m
n, we expect to find the relation between the Riemann

curvature in terms of Γµν
ρ, and the Riemann curvature in terms of ωµ

mn. We begin with
DρDσeµm and antisymmetrize in ρσ afterwards.

DρDσeµm = ∂ρDσeµm − Γρσ
τDτeµm − Γρµ

τDσeτm + ωρ
m
nDσeµn (3B.17)

(We have used here that Dσeµm is a tensor: it transforms under Einstein and local Lorentz
transformations as its indices demand: two terms with Γρ•

• for the indices σ, µ, and one
term with ωρ

•
• for the index m). Writing this out, and then antisymmetrizing in ρσ, the

terms with ∂ρ∂σeµ
m cancel, of course, but also the terms with one derivative of eµ

m and
the cross terms with one Γ and one ω all cancel if one uses the vielbein postulate. One is
left with two Riemann curvatures, one in terms of Γ, the other in terms of ω

−Rρσµ
ν(Γ)eν

m +Rρσ
m
n(ω)eµ

n = 0 (3B.18)

where

Rρσµ
ν(Γ) = (∂ρΓσµ

ν + Γρτ
νΓσµ

τ )− (ρ⇔ σ)

Rρσ
m
n(ω) =

(
∂ρωσ

m
n + ωρ

m
kωσ

k
n

)
− (ρ⇔ σ) (3B.19)

Hence the Riemann curvatures are equal

Rρσµ
ν(Γ)eν

m = Rρσ
m
n(ω)eµ

n (3B.20)

or after converting flat indices to curved indices

Rρσµτ (Γ) = Rρστµ(ω) = −Rρσµτ (ω) (3B.21)

The Ricci tensor can now be obtained by contracting two indices with a metric or a
vielbein field, and the scalar curvature by one more contraction. The conclusion is that
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once one imposes the condition that parallel transport does not depend on which frame
one uses to define a tensor (flat or curved indices), the Riemannian geometry, and hence
also the action for General Relativity, is the same.

We can now try to put the Dirac action in curved space. A natural proposal would
seem to be

LD = −1
2
eχ̄γµ∂µχ, e = det (eµ

m) (3B.22)

because invariance under general coordinate transformations (“Einstein invariance”) al-
ways requires a factor

√
− det (gµν) in front of the action, and this is equal to e, as follows

from (3B.4). The contraction em
µ(x)∂µχ(x) is Einstein invariant

(e′)m
µ(x′)

∂

∂(x′)µ
χ′(x′) = em

µ(x)∂µχ(x) (3B.23)

if we define that χ(x) transforms like a scalar in General Relativity

χ′(x′) = χ(x)
(x′)µ = xµ − ξµ(x)

}
=⇒ δχ = ξµ∂µχ

δχ(x) ≡ χ′(x)− χ(x)
(3B.24)

The action in (3B.22) is then indeed Einstein invariant

δLD = ∂µ (ξµLD) (3B.25)

However, we are missing a second gauge invariance: local Lorentz symmetry (the
symmetry that one can rotate the axes of freely falling lifts in General Relativity in an
arbitrary way). To see where this local symmetry comes from, we go back to (3B.4).
Viewing (3B.4) as a quadratic equation for eµ

m if gµν is given, we may ask whether it has
more than one solution. Suppose it contains two solutions eµ

m and fµ
m. We can always

write fµ
m = eµ

kΛk
m (just multiply by en

µ to solve for Λn
m). The Clifford algebra then

requires
Λk

mηmn(ΛT )nl = ηkl (3B.26)

The matrices satisfying this equation form a group, the Lorentz group O(3, 1). If we
require that we can continuously deform Λk

m(x) to the unit element δk
m, the group is

SO(3, 1). Near the unit element we have Λk
m ≈ δk

m + λk
m with antisymmetric λmn. We

should now require that the Dirac action does not change if we use different vielbein fields
which give the same metric. As it stands, LD is not invariant because emµ in χ̄γµ∂µχ
transforms as

δlLe
m
µ = λmne

n
µ (3B.27)

Since spinors form a representation of the group SO(3, 1), we know how they transform
under infinitesimal SO(3, 1) transformations:

δlLχ = 1
4
λmnγmγnχ; Λm

n = δm
n + λm

n (3B.28)

With this new law, LD still is not invariant under local Lorentz transformations, but it is
invariant under the transformations in (3B.28) with constant λmn.3

δLD(constant λ) = 1
2
χ̄
(

1
4
λrsγrs

)
γµ∂µχ− 1

2
χ̄γm (λm

nen
µ) ∂µχ

− 1
2
χ̄γµ∂µ

(
1
4
λrsγrsχ

)
= 0

(3B.29)

3Note that these transformations are not the usual rigid Lorentz transformations because the coordi-
nates are not transformed in (3B.28).
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because
1
8
λrs [γrs, γ

m] em
µ = 1

2
λrmγrem

µ = 1
2
γmλm

nen
µ (3B.30)

But now it is clear how to proceed: for local λmn we need a gauge field that transforms
into the derivative of the local parameter. Historically this gauge field is called the spin
connection ωµ

mn. Thus
−δωµmn = ∂µλ

mn + more (3B.31)

The minus sign is a historical convention. Clearly ωµ
mn must be antisymmetric in mn.

In fact, we can at this point use our knowledge of Yang-Mills theory with a general group
G, and just take the special case G = SO(3, 1). This yields

−δωµmn = ∂µλ
mn + ωµ

m
kλ

kn + ωµ
n
kλ

mk

≡ Dµλ
mn (3B.32)

The Yang-Mills covariant derivative of the “tensor” χ becomes then

Dµχ = ∂µχ+ 1
4
ωµ

mnγmnχ (3B.33)

and it transform just like χ itself

δlLDµχ = ∂µ
(

1
4
λmn(x)γmnχ

)
− 1

4
(Dµλ

mn) γmnχ+ 1
16
ωµ

mnγmnλ
rsγrsχ

= 1
4
λrsγrsDµχ

(3B.34)

The local Lorentz invariance of the Dirac action is now clear

δlLLD =
(
−1

2

) [
−1

4
χ̄λrsγrs

]
γµDµχ− 1

2
χ̄γm (λm

nen
µ)Dµχ

− 1
2
χ̄γµ

[
1
4
λrsγrsDµχ

]
= 0

(3B.35)

because the first and the last variation combine into a commutator

[γµ, γrs] = 2er
µγs − 2es

µγr (3B.36)

One final (or rather, the first of many) remark about torsion. The field ωµ
mn is in

supergravity theories (and in General Relativity) not an independent field, but rather con-
structed from the vielbein fields and the gravitinos. The expression without gravitinos is
the spin connection ωµ

mn(e) which is discussed in the few textbooks on General Relativity
that discuss spinors in curved space, but the gravitinos add torsion. Torsion is a tensor
(not a connection) which measures the gap if one has two infinitesimal vectors vµ and wµ,
and one parallel transports one along the other, minus the other way around. Curvature,
on the other hand, measures the gap if one parallel transports a vector parallel to itself
along a closed curved. Torsion was introduced into General Relativity by the French
mathematician E. Cartan, but it is an option, not a necessity in General Relativity. In
supergravity theories on the other hand it is a necessity: supergravity theories without
torsion simply do not exist.


