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Exercise Sheet 3: Solutions due on Feb 2, 2017 ∗†

Exercise 5

In the lectures, we constructed the supersymmetry generator Q for rigid supersymmetry
transformations by requiring that δφ = εQφ agrees with δφ = δϕ + iθδλ. The result was

Q = ∂θ+ iθ∂t. We constructed the action S =

∫
dt L =

∫
dt dθ L for ϕ and λ by requiring

that it has the correct dimension and found that

L =
i

2
∂tφDθφ, with Dθ = ∂θ − iθ∂t.

We guessed that the action for the supergravity extension in superspace is LH = HL. This
indeed gave us the correct x−space action. Also, δH = εQH is guaranteed to give the
correct terms in the supergravity transformation rules for φ and λ for constant ε. To find
the complete transformation rules for both local ε(t) and ξ(t), we postulated super-Einstein
transformation rules for φ

δ(Ξ)φ = ΞΛDΛφ = ξt(t, θ)∂tφ+ ξθ(t, θ)Dθφ.

We stated that by applying the Noether method to LH one obtains the constraint Dθξ
t =

−2iξθ and the complete transformation rule for H,

δ(Ξ)H = ξtḢ + ξθDθH − 2(Dθξ
θ)H = ΞΛDΛH − 2

(
Dθξ

θ
)
H.

1. Derive the last two results (the constraint and the transformation rule) by requiring
Hδ(Ξ)L+ (δ(Ξ)H)L = total t derivative and θ derivative.

2. A quick way to derive part of the constraint on ΞΛ is to require that δ(Ξ)φ is consistent
with δφ = εQφ and rigid translations. Work this out.

3. Interpret the results for δ(Ξ)φ and δ(Ξ)H in terms of orbital and spin terms. Hint:
We shall show in class that H = E2 where sdetEM

Λ = E−1.

∗Hand in methods: physical copy, place solutions in physical mailbox or email (legible files)
†For more details, contact Abhiram Kidambi. (mkabhiram@gmail.com)
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Exercise 6: The Hamiltonian BRST formalism

Consider the quantum mechanical model (before rescaling λ, ψ, ε) with the following classical
supergravity Lagrangian

L =
1

2
(1− 2κh) φ̇φ̇+

i

2
λλ̇− iκψφ̇λ (1)

• What are the primary constraints? (For definitions, see section 2, pages 7 and 8 of the
notes)

As discussed in the notes (eqs. 6.18 and 6.19), the so-called näıve Hamiltonian is given by

Hnaive =
1

2

1

1− 2κh
(p(φ) + iκψλ)2 + ap(h) + bp(ψ) + η (−i)

(
p(λ) +

i

2
λ

)
, (2)

where a(t), η(t) and b(t) are Lagrange multipliers whose field equations enforce these con-

straints. We denote by p(λ) the conjugate momentum of λ, so p(λ) =
∂L

∂λ̇
.

• Show that we may replace λ by
1

2
λ + ip(λ) in the first term by redefining η. What is

the redefined η̃ in terms of η? Derive the set of secondary constraints. Show that η̃
must vanish.1

• Show that there are no tertiary constraints.

• Show that the complete set of constraints divides as follows into first class and second
class constraints.

Class Primary Constraint Secondary Constraint

First class p(h) = 0, p(ψ) = 0 p(ψ)2 = 0,−ip(φ)

(
p(λ)− i

2
λ

)
= 0

Second class i

(
p(λ) +

i

2
λ

)
= 0

The factors of i are needed to make all constraints hermitian. We could now go on,
following, Dirac, by introducing Dirac brackets, but we shall instead just drop the
second class constraints and retain only the first class constraints.

1We replaced λ by
1

2
λ+ip(λ) in Hnaive because p(λ)− i

2
λ anticommutes with p(λ)+

i

2
λ and this facilitates

calculations. In principle one should use Dirac brackets to evaluate this anti-commutator but one gets to

correct result if we use the näıve rules {p(λ), λ} =
~
i

and {λ, λ} = {p(λ), p(λ)} = 0. Note, however, that if

we would not have replaced λ by p(λ) − i

2
λ, then we would have needed Dirac brackets to evaluate {λ, λ}

and {λ, p(λ)} (see 2.19).
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The Hamiltonian BRST charge is in general given by

QH = ηαGα +
∞∑
n=1

ηβn+1 · · · ηβ1︸ ︷︷ ︸
n+1 times

(n)Uβ1···βn+1(Q,P )α1···αnpαn · · · pα1 (3)

where ηα = (σpµ(b), ca) , Pα = (bµ, p(c
a)) , Gα = (πµ(λ), ϕa(P,Q)) and σ = +1(−1) for

anti-commuting (commuting) bµ. The set Gα contains all first class constraints. It decom-
poses into the conjugate momenta of the Lagrange multipliers (denoted by λµ) and the φa.
The first class constraints φa(Q,P ) should not depend on ghosts ca and anti-ghosts µ, La-
grange multipliers λµ and their conjugate momenta. The sign σ is needed in order that[
pα, η

β
}

=
~
i
δ β
α for commuting and anti-commuting ghosts and (anti-)ghosts alike. The

structure constants (−1)U α
βγ are non-zero only if α, β, γ are equal to a, b, c and they are

defined by {ϕa, ϕb} = f c
ab ϕc and (−1)U α

βγ = −1

2
f a
bc . So only (−1)U c

ab is non-zero.

• Construct QH for the quantum mechanical model. First compute the structure con-
stants f c

ab (which are in general structure functions but in this case they are still
constants). Then check that {QH , QH} = 0.

• Check that δφ =
−i
~

[φ,QHΛ] reproduces the correct BRST terms for ϕ and c. Here Λ

is the BRST parameter which was introduced in the lectures.

• Now write down the expression for the action. Prove that H = 0. Derive the BRST
Hamiltonian rules and compare them with the rules obtained from the Lagrangian
approach.
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