
Chapter 10

Supergravities.

When we constructed the spectrum of the closed spinning string, we found in the
massless sector states with spin 3

2
, in addition to states with spin 2 and other states1

NS ⊗NS : bi− 1
2
|0, p〉L ⊗ b̃j− 1

2

|0, p〉R with i, j = 1, 8 yields gij(x) with spin 2

NS ⊗R : bi− 1
2
|0, p〉L ⊗ |0, p, α〉R with i, α = 1, 8 yields χi,α(x) with spin

3

2

(10.1)

The massless states with spin 2 correspond to a gauge field theory: Einstein’s theory
of General Relativity, but in 9 + 1 dimensions. The massless states with spin 3

2
are

part of another gauge theory, an extension of Einstein gravity, called supergravity. That
theory was first discovered in 1976 in d = 3 + 1 dimensions, but supergravity theories
also exist in higher dimensions, through (up to and including) eleven dimensions. In this
chapter we discuss supergravity theories. They are important in string theory because
they are the low-energy limit of string theories. We do not assume that the reader has
any familiarity with supergravity. We begin with the N = 1 theory in 3 + 1 dimensions,
also called simple supergravity, which has one gravitational vielbein field e m

µ , and one
fermionic partner of e m

µ , called the gravitino field ψ α
µ with spinor index α = 1, · · · , 4

(or two 2-component gravitinos ψµ
A and ψ̄µ,Ȧ with A, Ȧ = 1, 2) and µ = 0, 1, 2, 3. This

theory has one real local supersymmetry with a real (Majorana) 4-component spinorial
parameter εα (or two 2-component parameters εA and ε̄Ȧ = (εA)∗ with A, Ȧ = 1, 2). In
3 + 1 dimensions also theories with 2 ≤ N ≤ 8 local supersymmetries and gravitinos
exist, and are called extended supergravities. For N larger than 8 one would obtain field
theories with massless fields some of which have spins larger than 2, but it is believed
that no consistent interactions can be constructed for such field theories2. For 1 ≤ N ≤ 4
in d = 3 + 1 dimensions, matter systems exist with N rigid supersymmetries, where
matter is defined as having spins not exceeding one. One can couple N -extended matter
to N -extended supergravities for N = 1, . . . 4.

Then we turn to the highest dimension where a supersymmetric theory exists, 10 + 1
dimensions. This eleven-dimensional supergravity is an N = 1 theory, meaning that it
has one (real) local supersymmetry with a real (Majorana) 32 component spinorial pa-
rameter εα. It contains besides the gravitational vielbein field eµ

m and its supersymmetric

1By spin 2 we just mean a field with two vector indices, and by spin 3
2 we mean a field with both a

vector and a spinor index.
2In string theory, interacting fields with spin J larger than two exist, but these fields are massive.
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572 CHAPTER 10. SUPERGRAVITIES.

partner the real gravitino ψ α
µ , a real 3-index antisymmetric tensor gauge field Aµνρ. One

cannot add a supercosmological constant and there are no extended supergravities in
eleven dimensions, and there are also no matter theories in eleven dimensions with rigid
supersymmetry.

Next we discuss the supergravity and supersymmetric matter theories in 9 + 1 di-
mensions. There are three supergravity theories and one matter theory: 2B, 2A, and
N = 1 supergravity, and N = 1 super Yang-Mills (or super Maxwell) theory. One can
only couple N = 1 super Yang-Mills (or super Maxwell) theory to N = 1 supergravity.
We shall obtain 2A d = 9 + 1 supergravity from N = 1 d = 10 + 1 supergravity by
dimensional reduction, and N = 1 d = 9 + 1 supergravity from 2A d = 9 + 1 supergravity
by consistent truncation. Then we couple the N = 1 d = 9 + 1 supergravity theory to
the N = 1 super Maxwell theory, and generalize this coupling to the super Yang-Mills
theory. In this theory the fermions are chiral and thus there are chiral anomalies due to
the coupling of Yang-Mills and gravitational gauge fields to these chiral fermions. Only
for the gauge group E8 × E8 or SO(32) do the anomalies cancel. We discuss this further
in a separate chapter.

Finally we discuss 2B supergravity in 9+1 dimensions. As a field theory it is unrelated
to the 2A theory, but in string theory there is a duality between both. The 2B theory
plays a central role in string theory because it forms the starting point for the Kaluza-
Klein reduction on S5 to maximal 5-dimensional gauged supergravity and the AdS/CFT
program. We end our discussion of supergravity theories with this 5-dimensional theory.

For completeness we mention that also in 2+1 dimensions supergravity theories exist,
but they contain no graviton and gravitino states but only fields. In 1 + 1 dimensions one
can only couple the supergravity fields to matter (as we did), but no gauge action exist
for these supergravity fields.

10.1 N = 1 d = 4 Supergravity.

A theory of local supersymmetry must contain a gauge field for local supersymmetry.
In general, a gauge field transforms under the local symmetry to which it belongs into
the derivative of the corresponding local parameter, plus more terms. For example, in
Yang-Mills theory, δAµ

a = ∂µΛa + fabcAµ
bΛc. To give a second example, the vielbein

field of General Relativity transforms as δeµ
m = ∂µξ

m + more,3 where ξm = ξλeλ
m and

ξλ is the local parameter of general coordinate transformations. In rigid supersymmetry,
the constant parameter is a spinor εα (α = 1, 4). It follows that the gauge field of
supersymmetry must transform into ∂µε

α(x)+more, and is thus a vector-spinor field,
usually denoted by ψµ

α(x), (µ = 0, 3; α = 1, 4).

There are other representations for spin 3
2

fields, for example a spinor field ψABC with
3 undotted (or dotted) indices, totally symmetrized. However, in order that one may
write a kinetic action with derivative ∂AḂ, one also needs a field with a dotted index, for
example λABĊ . It is simpler to work with only ψµ

α instead of with ψAḂ
C and its complex

3The complete law is δeµ
m = ∂µξ

νeν
m+ξν∂νeµ

m which can be written as δeµ
m = ∂µξ

m+ξν(∂νeµ
m−

∂µeν
m) = Dµξ

m−(ξνων
mn)eµ

n, where ξm = ξνeν
m and ων

mn = ων
mn(e) is the Riemannian (torsionless)

connection. The first term is called a covariant translation and the second term is a local Lorentz
transformation.
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conjugate ψȦB
Ċ .

A theory of local supersymmetry should in particular be a theory of rigid supersymme-
try, and thus its particle content should be given by one of the irreducible representations
of rigid N = 1 supersymmetry. These consist of massless representations and massive
representations. The massless representations consist of doublets of states with helicity J
and J + 1

2
. (We shall call the helicity of massless particles the spin). Since a gauge field

describes massless particles (before symmetry breaking in any case), we need a massless
N = 1 doublet representation containing the gravitino. A vector-spinor field contains
spin 3

2
, since adding spin 1 to spin 1

2
produces spin 3

2
on-shell (the spin 1

2
part vanishes

on-shell). Thus we need a massless doublet of states with adjacent spins, of which one of
the states has spin 3

2
. The crucial question is now: is the bosonic partner of the gravitino

particle a spin 2 or spin 1 particle? At this point we note that any theory of local super-
symmetry (SUSY) must at the same time be a theory of gravity, in other words, it should
contain a massless spin 2 particle. The reason is that in rigid SUSY the commutator of
two SUSY transformations is a rigid translation, hence a local translation (which can be
viewed as part of a general coordinate transformation) should correspond to a local SUSY
transformation. This strongly suggests to consider the graviton as the bosonic partner
of the gravitino, and it also tells us that the gravitino field should be real and massless.
Additional evidence is provided by the knowledge that numerous efforts to couple grav-
itinos to spin 1 in a consistent manner have failed.[?] Yet another argument is that there
is a one-to-one correspondence between the generators of the super Poincaré algebra Pm,
Qα and Mmn and the vielbein field e m

µ , the gravitino field ψµ
α and spin connection field

ωµ
mn. This correspondence is actually quite deep, but for us it is at this point one further

hint to put the graviton and the gravitino together in the same multiplet. The spin con-
nection field does not describe particles and can either be treated as an independent field
[82], or be expressed in terms of eµ

m and ψµ
α [83]. This will be discussed below. In the

former case one speaks of first-order formalism, whereas in the latter case one has second
order formalism.

We can now proceed in two ways. We could go on and construct the linearized trans-
formation rules of the spin (2, 3

2
) multiplet of rigid supersymmetry. Then we could add

to it the leading local part of the gravitino law, δψµ
α(x) = ∂µε

α(x). At this moment we
would be at the same point as in Yang-Mills theory where the sum of the rigid transfor-
mation δAµ

a = fabcAµ
bΛc and the local linearized law δAµ

a = ∂µΛa(x) becomes the full
nonlinear local law δAµ

a = DµΛa(x). However, in supergravity the sum of these two terms
is not yet the full nonlinear law, although it contains these two pieces as ingredients.

Rather than going on with kinematics and discuss the local transformation rules and
the local gauge algebra, we shall first turn to dynamics and construct an action. As
always in gauge theories, one has a choice: one can either study the gauge action, or
the action for the (minimal) coupling of some matter system to the gauge fields. We
shall choose the former route, and construct the gauge action for N = 1 supergravity in
four-dimensional Minkowski spacetime. For a derivation of supergravity which starts with
the Wess-Zumino multiplet of rigid supersymmetry, and couples it to the gauge fields of
supergravity, see ref. [84].

Of course, the gauge action must be invariant under local supersymmetry transfor-
mation rules and we shall be able to deduce the transformation rule of the vielbein from
requiring that the action be invariant. As already mentioned, this is not necessary: we
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could discuss the kinematics first and only afterwards turn to the dynamics, but the latter
approach is simpler.

To construct an action for the graviton and gravitino, we will start from the Einstein
action of General Relativity. This is not necessary, since supersymmetric R2 actions exist
as well (for example, supersymmetric conformal gravity [?]), but it is the simplest choice,
while the Einstein action has the immense advantage of agreeing completely with all
experiments performed to date. The Einstein action is usually formulated in terms of
the metric, but for our purposes it will be formulated in terms of vielbein fields because
supergravity contains spinors, and spinors are most easily coupled to gravity by using
vielbein fields.4 We discussed the vielbein formulation for gravity in the introduction.
The Hilbert-Einstein action in the vielbein formulation is given by

L(HE) = −1
2κ2

(det e)R, R = Rµν
mnem

νen
µ, det e = det eµ

m ≡ e

Rµν
mn = ∂µων

mn + ωµ
m
kων

kn − (µ↔ ν)
(10.2)

where κ is the gravitational coupling constant. The Riemann curvature Rµν
mn(ω) is the

Yang-Mills curvature for the Lorentz group, and ωµ
mn is the Lorentz gauge field. In our

conventions we obtain the scalar curvature from the Riemann tensor by contracting the
two inner indices and the two outer indices. Contracting only one pair of indices yields
the Ricci tensor

R n
µ = R mn

µν e ν
m ;R = e µ

n R
n
µ (10.3)

We leave at this point the definition of ωµ
mn open since we shall come to a point where

the possibility of two definitions becomes apparent, but let us remark at this point that
in General Relativity one can either express ωµ

mn in terms of emµ by the second order
(Palatini) formalism, i.e., by requiring that

Dµeν
m −Dνeµ

m = ∂µe
m
ν + ωµ

m
ne
n
ν − (µ↔ ν) = 0 (10.4)

or one can leave ωµ
mn in the theory as an independent field (first-order formalism). The

constraint (10.4) is actually at the same time the (nonpropagating) ω field equation in
General Relativity.

The action for the gravitino is expected to contain one derivative, and to be of the
same generic form as the Dirac action. Since the graviton is a real field, and the gravitino
is its fermionic partner, we must impose also a reality condition on the gravitino, for
which we take, of course, the Majorana condition5

ψ̄µ = ψTµC = ψ†iγ0; CγµC
−1 = −γTµ ; CT = −C. (10.5)

Because the gravitino has a world index µ, there are several Lorentz-invariant flat-space
free-field candidate actions for it, namely

L = ψ̄µ[a/∂ηµν + b∂µγν + cγµνρ∂ρ]ψν (10.6)

4It is not necessary to use vielbeins. One could impose the symmetric vielbein gauge, but then the
transformation rules would need extra compensating Lorentz transformations to stay in the gauge.[?] It
is definitely simpler to use arbitrary vielbein fields.

5In 2-component formalism a general spinor
(
ψµ

A

ζ̄µȦ

)
is a Majorana spinor if ζ̄µȦ = (ψµA)† where

ψµA = ψµ
BεBA.
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where a, b, c are constants to be determined. The symbol γµνρ denotes the product of
γµγνγρ totally antisymmetrized in the indices µ, ν, ρ. One can rewrite some of these
terms, for example ψ̄µ∂

µγνψν = ψ̄νγ
ν∂µψµ and ψ̄µγ

µνρ∂ρψν ∼ εµνρσψ̄µγ5γν∂ρψσ. We
exclude parity violating terms because the Einstein action preserves parity (see below).
Just as the linearized Yang-Mills action is invariant under δAaµ = ∂µΛa(x), the linearized
gravitino action should be invariant under δψαµ = ∂µε

α(x). A simple computation shows
that this uniquely fixes the linearized action to be

L = −1
2
ψ̄µγ

µρσ∂ρψσ (10.7)

(In the early articles on supergravity γµνρ is written as iεµνρσγ5γσ but this can only be
done in 4 dimensions). The factor −1

2
is conventional. This action (actually a more

complicated version of it) was used by Rarita and Schwinger in 1941 when they studied
whether neutrinos in β-decay could have spin 3

2
[85]. The predicted angular distributions

disagreed with experiment, and their action disappeared from the stage. From our point
of view, what these authors did is discover the flat space limit of supergravity, and we
shall denote the action from now on by L(RS).

We now want to show that this action describes two physical states, with helicities
±3

2
. In General Relativity one shows that the massless linearized gravitational field hµν

(where gµν = ηµν + κhµν and h ≡ hµνη
µν and hµ = ∂λhµλ) satisfies the linearized field

equation

�hµν − hµ,ν − hν,µ + h,µν − ηµν(�h− hρ,ρ) = 0 (10.8)

One can show that hµν contains two degrees of freedom: the states with helicity +2 and
−2 (the field components with helicity ±1 and 0 do not correspond to states). In a similar
way we shall show that the massless gravitino field ψµ contains also two states: the states
with helicity +3

2
and −3

2
, while the field components with helicity ±1

2
do not yield states.

As a warm-up exercise we first show that the physical states of a graviton are transversal
and traceless.

The linearized theory (both the linearized action and the linear field equation of
hµν) has the gauge invariance δhµν = ∂µξν + ∂νξµ. Using it, we choose the gauge
∂µ
(
hµν − 1

2
ηµνh

)
= 0. Then the field equation reduces to

�φµν = 0, ∂µφµν = 0, φµν = hµν − 1
2
ηµνh (10.9)

The gauge transformations of φµν read ∂µξν + ∂νξµ − ηµν∂ · ξ and for later use we note
that even if ∂µφµν = 0 we still can make gauge transformations with ξν satisfying �ξν = 0
because they respect the gauge choosen. We decompose φµν into plane waves, and choose
as a basis for 4-vectors the following set: ε+µ , ε

−
µ , pµ and p̄µ where p̄µ = (−p0, ~p) is the

time-reversal of pµ = (p0, ~p). Then the most general form of a given plane wave is as
follows

φµν =
[
c1ε

+
µ ε

+
ν + c2ε

−
µ ε
−
ν + c3(ε+µ ε

−
ν + ε+ν ε

−
µ )

+ c4(ε+µ pν + ε+ν pµ) + c5(ε−µ pν + ε−ν pµ) + c6pµpν)
]
eip·x

(10.10)

where ε±µ are the two polarization vectors perpendicular to pµ and p̄µ. There are no terms
with p̄µ = (−p0, ~p) because of the gauge condition pµφµν = 0 and on-shell (in the gauge
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chosen) p2 = 0. We used the gauge invariance to achieve that pµφµν = 0; now we use it
again (“the gauge shoots twice”)

δφµν = (pµvν + pνvµ − ηµνp · v) eip·x (10.11)

These gauge transformations correspond to ξν = vνe
ip·x satisfying �ξν = 0. Choosing for

vµ the vectors ε+µ , ε−µ , pµ they respect the gauge, ∂µδφµν , and it is clear that we can gauge
away the modes with c4, c5 and c6. However, also the mode with c3 can be gauged away,
namely by choosing vµ = p̄µ/(p · p̄), because in that case6

δφµν =
pµp̄ν + pν p̄µ

p · p̄
− ηµν = ε+µ ε

−
ν + ε−µ ε

+
ν (10.12)

Hence, only the modes with c1 and c2 are physical; they clearly have helicity ±2.
Let us now make the same analysis for the gravitino. We begin with the free field

equation γµνρ∂νψρ = 0. Contracting with γµ (and using γµγ
µνρ = 2γνρ) yields γνρ∂νψρ =

0, which can be written as follows

/∂γ · ψ = ∂ · ψ (on-shell) (10.13)

Writing γµνρ = γµγνρ − ηµνγρ + ηµργν and using γνρ∂νψρ = 0 yields then

∂µγ · ψ = /∂ψµ (on-shell) (10.14)

The gauge invariance δψµ = ∂µη can then be used to choose the gauge

γ · ψ = 0 (gauge choice) (10.15)

Insertion into (10.13) and (10.14) yields the gauge-choice dependent equations

/∂ψµ = 0; ∂ · ψ = 0 (gauge-choice dependent) (10.16)

Using ∂ · ψ = 0, we may decompose the modes of ψµ as

ψµ = ε+µλ+ ε−µχ+ pµφ (10.17)

Then /∂ψµ = 0 implies /∂λ = /∂χ = /∂φ = 0 since ε+µ , ε−µ and pµ are linearly independent.
The expressions for ψµ in (10.17) must also satisfy γ · ψ = 0, but for now we assume this
is the case, and postpone the solution of γ · ψ = 0 till later. Now we use that “the gauge
shoots twice”: we can still use the gauge symmetry δψµ = ∂µη a second time provided η
satisfies /∂η = 0 in order not to undo the gauge γ ·ψ = 0. We choose η in δψµ = ∂µη such
that it removes φ. Contracting /∂ψµ = 0 with /∂ yields �ψµ = 0. Hence p2 = 0 on-shell

6On-shell (p2 = 0) one has the identity

ηµν = ε+µ ε
−
ν + ε−µ ε

+
ν +

pµp̄ν + pν p̄µ
p · p̄

One may prove it by contracting with ε+µ, ε−µ, pµ and p̄µ, using p2 = 0 and ε+ · ε+ = ε− · ε− = 0 and
ε+ · ε− = 1.
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and we can decompose ψµ into plane waves with momentum pµ. At this point we have
then at a given 4-momentun pµ

ψµ =
(
αε+µu

+ + βε+µu
− + γε−µ v

+ + δε−µ v
−) eip·x (10.18)

where u± and v± are solutions of the Dirac equation with helicities ±1
2

and α, β, γ and
δ are constants (or creation or annihilation operators). So we now have four fields, with
helicities 3

2
, 1

2
, −1

2
and −3

2
. We must show that the fields with helicities ±1

2
are ruled out.

Consider the condition γ · ψ = 0. Substituting (10.18) yields

α/ε+u+ + β/ε+u− + γ/ε−v+ + δ/ε−v− = 0 (10.19)

The spinors /ε+u+ and /ε−v− vanish. To see this choose ~p along the z-axis and

ε+ =


1
i
0
0

 ε− =


1
−i
0
0

 γµ =

(
0 −iσµ
iσ̄µ 0

)
u+ =


a
b
0
0

 u− =


0
0
c
d

 (10.20)

Furthermore /ε+u− ∼ u+ and /ε−v+ ∼ v−. Thus the terms with α and δ are allowed but
β = γ = 0. One is left only with the two modes with helicity ±3

2
.

One can obtain this same result in a quite different way, namely by requiring what is
called tree unitarity [86]. One constructs the propagator of the general action in (10.6),
sandwiches it with external sources and requires that there be only first order poles with
positive residues. The sources satisfy only those constraints which follow from the field
equations. (No gauge fixing term is needed at this classical level: the propagator is
ambiguous, but the ambiguities cancel when one contracts with these sources.) Then one
finds that only the action in (10.7) is allowed. Since this action is gauge-invariant, one
has the interesting result that unitarity (i.e., absence of ghosts) implies gauge-invariance:
gauge invariance is deduced. (A similar analysis for a second rank tensor hµν shows [87]
that its antisymmetric and symmetric part decouple and the latter has as action the spin
2 Fierz-Pauli action [88], which is the linear part of the Einstein-Hilbert action.)

We required that the linearized Rarita-Schwinger action itself be invariant under
δψµ = ∂µε, although only the sum of the linearized bosonic and fermionic actions need
be invariant. However, the bosonic and fermionic action do not interfere at the linearized
level under local field-independent gauge transformations, because the variations of the
bosonic action always contain at least one bosonic field while variations of the gravitino
action under δψµ = ∂µε never introduce a bosonic field in the varied fermionic action. Of
course, under rigid supersymmetry the linearized actions do interfere.

At this point we write the results obtained so far in gravitationally covariant form.
The minimal way to do so is to replace ordinary derivatives by gravitationally covariant
derivatives, and to multiply the action by the determinant of the vielbein, e. Hence we
have the following candidate action

L = − e

2κ2
R− e

2
ψ̄µγ

µρσDρψσ

Dρψσ = ∂ρψσ + 1
4
ωρ

mnγmnψσ
(10.21)
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where R is given in (10.2). The symbol Dρψσ −Dσψρ transforms as a tensor in General
Relativity. One could add a Christoffel connection to Dρψσ, to make also Dρψσ a tensor
of General Relativity but it would anyhow cancel in Dρψσ −Dσψρ.

7

The matrices γµ with Greek indices are products of constant Dirac matrices γm with
Latin indices and vielbeins eµm. We claim that both terms in the action are separately in-
variant under general coordinate transformations (which we call Einstein transformations)
and under local Lorentz rotations. The latter are given by

δemµ = λmne
n
µ, δψαµ = 1

4
λmn(γmnψµ)α

δωµ
mn = −Dµλ

mn ≡ −(∂µλ
mn + ωµ

m
kλ

kn + ωµ
n
kλ

mk)
(10.22)

Note that we required at this point that ωµ
mn should transform as a connection under

local Lorentz transformations. When we treat ωµ
mn as an independent field, this is just

a definition, but in the approach where ωµ
mn is a function of emµ and ψµ, we shall check

that it indeed transforms as a connection. The general coordinate transformations are
defined by

δemµ = ξλ∂λe
m
µ + ∂µξ

λemλ , δωµ
mn = ξλ∂λωµ

mn + ∂µξ
λωλ

mn

δψαµ = ξλ∂λψ
α
µ + ∂µξ

λψαλ
(10.23)

The field ωµ
mn should thus also be a world covariant vector, and again we shall check this

when ωµ
mn is expressed in terms of the other fields. The proof that the action has these

invariances uses the fact that Dµψν−Dνψµ is a tensor both under local Lorentz rotations
and under general coordinate transformations. Moreover, the Riemann curvature is a
Yang-Mills tensor for the Lorentz group and transforms thus as a tensor under local
Lorentz transformations.

One should only transform fields, not constants such as γm and C, but note that the
matrix elements (γm)αβ and the charge conjugation matrix Cαβ are Einstein and Lorentz
invariant tensors. Under Einstein transformations, δCαβ = ξν∂νCαβ = 0 and under local
Lorentz transformations

δCαβ = 1
4
λmn(γmn)α

′
αCα′β + 1

4
λmn(γmn)β

′
βCαβ′ (10.24)

which vanishes since (Cγmn)αβ is symmetric in α, β.
The gravitationally covariantized transformation law for the gravitino reads

δψµ = 1
κ
Dµε, Dµε = ∂µε+ 1

4
ωµ

mnγmnε (10.25)

We do not know at this point whether this is the complete law, but it is the minimal
extension of δψµ ∼ ∂µε. The factor 1

κ
is needed for dimensional reasons: fermions have

dimension 3
2
, ε has dimension −1

2
, ∂µ has dimension 1 and thus one needs a factor κ−1

with dimension +1. The appearance of this dimensionful constant κ is again a signal

7If the vielbein postulate ∂µe
m
ν + ωµ

m
ne
n
ν − Γρµνe

m
ρ = 0 holds, we can obtain Γρµν once ωµ

m
n is given.

Since we shall see that ωµ
m
n contains torsion, Γρµν is not just the Christoffel symbol but contains torsion,

meaning that Γρµν − Γρνµ = 2Tµν
ρ is nonvanishing. In fact, 1

2 (Γρµν − Γρνµ) = Tµν
ρ can be written as

Tµν
ρ = 1

2 (Dµe
m
ν −Dνe

m
µ )eρm. One could add such a Γρµν in Dρψσ but we shall see that we get an invariant

action without it. If one uses forms it is natural to only admit terms with ωµ
mn.
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that gravity will enter the stage. As we shall see below, this minimal law δψµ = 1
κ
Dµε

is already the complete law; moreover, it combines, as in Yang-Mills theory, the local
field-independent law δψµ = ∂µε(x) and the linear law δψµ = 1

4
ωµ

mnγmnε of the spin (2, 3
2
)

multiplet of N = 1 rigid supersymmetry. (Note that δψµ is linear in fields if we consider
ωµ

mn as an independent field, but nonlinear if we express it in terms of eµ
m and ψµ).

Let us now start the investigation whether the action in (10.21) is invariant under
local supersymmetry. As already announced, we shall deduce the transformation law of
the vielbein in the process. Substitution of (10.25) into (10.21) yields two terms

δψL(RS) = −κ−1
[
e
2
ψ̄µγ

µρσDρDσε+ e
2
(Dµε̄)γ

µρσDρψσ
]

Dµε̄ = ∂µε̄− 1
4
ε̄γmnωµ

mn (10.26)

We now observe that after partial integration of the second term one finds commutators
[Dρ, Dσ] and [Dµ, Dρ] which yield Riemann curvatures (plus derivatives on vielbein fields
due to partial integration which we shall discuss later). These curvatures will cancel
similar terms with Riemann curvatures due to varying the vielbeins in the Einstein action.

The two terms in (10.26) yield, after partially integrating the second term, the follow-
ing result (omitting temporarily a factor eκ−1)

−1
4
ψ̄µγ

µρσ[Dρ, Dσ]ε+ 1
4
ε̄γµρσ[Dµ, Dρ]ψσ = −1

4
ψ̄µγ

µρσ(1
4
Rρσ

klγklε) + 1
4
ε̄γµρσ(1

4
Rµρ

klγklψσ)
(10.27)

As we already mentioned, there are further terms due to Dµ acting on e and on γµρσ, but
these will be discussed later. After relabeling indices we get[

− 1
16
ψ̄µγ

µρσγklε+ 1
16
ε̄γµρσγklψµ

]
Rρσ

kl(ω) (10.28)

We now use a “flip identity”,

ψ̄µγ
µρσγmnε = −ε̄γmnγµρσψµ (10.29)

This identity follows from (10.5). To prove it explicitly we proceed as follows

ψTµCγ
µρσγmnε = −εT (γmn)T (γµρσ)TCTψµ

= −εTγ[n
Tγm]

Tγ[σ,Tγρ,Tγµ,T ]CTψµ (10.30)

The square brackets mean that one should antisymmetrize in (mn) and (µρσ). Using
then CT = −C, γµ,TC = −Cγµ, and εTC = ε̄, the proof is completed. Thus (10.28) is
equal to an anticommutator

1
16
ε̄{γµρσ, γkl}ψµRρσ

kl (10.31)

The anticommutator can be evaluated by using {γr, γm} = 2δrm and γµ = eµmγ
m, and

yields terms with five gamma matrices and totally antisymmetrized (which vanish in d = 4
dimensions), and terms with only one gamma matrix. The terms with 3 gamma matrices
cancel. In detail8

{γmrs, γkl} = 4δ[k
sδl]

rγm + 4δ[k
mδl]

sγr − 4δ[k
mδl]

rγs + 2γmrskl (10.32)

8An easy way to check this result is to choose special sets of indices: when all indices are different,
one obtains 2γmrskl, and when k = s and l = r one obtains 2γm.
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where δ[k
sδl]

r = 1
2
(δk

sδl
r−δlsδkr). The last term vanishes since it is a totally antisymmetric

tensor in 4 dimensions with 5 indices. Hence, in d = 4 one gets from (10.31) (reinstating
the factor eκ−1)

δψL(RS) =
e

16κ
(eµme

ρ
re
σ
s )ε̄[4Rρσ

srγm − 8Rρσ
mrγs]ψµ

=
e

4κ
Rrs

sr(ε̄γµψµ)− e

2κ
Rrs

mr(ε̄γsψm)

= − e

2κ
(ε̄γsψµ)

(
Rs

µ − 1

2
es
µR

)
(10.33)

with Rs
m = Rrs

mr and R = Rs
s. In d = 11 or d = 10, one would need to retain the term

in (10.32) with five gamma matrices and this has as a consequence that other fields are
present in these theories besides the vielbein and gravitino.

The last factor in (10.33) is the Einstein tensor, and since variation of the vielbein in
the Einstein action will also yield a result proportional to the Einstein tensor, in this way
we can derive the law δemµ . The details are as follows.

The variation of e = det emµ yields

δe = (δeµ
m)(em

µe) (10.34)

where em
µ is the inverse of eµ

m. Further, the variation of the two vielbeins in R =
Rµν

mneνme
µ
n yields

δeR(e, ω) = −2em
ν′δeν′

m′em′
νRν

m = −2Rm′
ν′δeν′

m′

= −2Rm
µδeµ

m (10.35)

where we used
δem

ν = −emν
′
δeν′

m′em′
ν (10.36)

Adding the variations in (10.34) and (10.35) one finds

δeL(HE) = δe
−1

2κ2
(eR) =

e

κ2
(δemµ )

(
Rm

µ − 1

2
em

µR

)
(10.37)

Comparing (10.37) and (10.33), we see that the sum of both variations cancels if and only
if the vielbein field transforms as follows:

δemµ = κ
2
ε̄γmψµ (10.38)

The reader may appreciate the delicate interplay between Dirac algebra and geometry
that led to this result.

Let us pause for a moment and summarize how far we have got. The ψ variations in
the gravitino action cancel the vielbein variations in the Einstein action. These variations
are of order 1

κ
. However, we must now show that the remaining variations cancel, too.

They come from 4 sources

(i) from varying the vielbeins in the gravitino action;

(ii) from the (Dµe
ρ
m) terms in the gravitino action due to the partial integration we have

performed;
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(iii) from varying the as-yet-undetermined field ωµ
mn in both actions.

The sum of these variations can be written in the following factorized form [89]

δ(remaining)[L(E) + L(RS)] =
−1

2κ2
εµρστεmrst×

×
[
δωµ

mretτ +
κ

6
ε̄γmrtDµψτ

] [
Dρe

s
σ −

κ2

4
ψ̄ργ

sψσ

]
(10.39)

(with for definiteness ε0123 = −ε0123 = +1). The proof of this result is given in the
appendix 10A. It is based on the fact that the product of two ε-tensor is equal to a sum
of products of vielbein fields.

We now see that we have two ways to proceed in order to obtain complete invariance of
the action under local supersymmetry transformations. Either the second factor vanishes
(second order formalism) in which case one can solve for ωρ

mn in terms of emµ and ψαµ . Or
the first factor must vanish (first order formalism) in which case ωµ

mn is an independent
field and its transformation rule follows from the requirement that the first factor vanishes.
In both cases we have invariance to all orders in κ.

In second order formalism, one solves for ωµmn in a similar way as one solves for the
Christoffel symbol Γµν

ρ in General Relativity. Using ψ̄ργ
sψσ = −ψ̄σγsψρ, one writes the

equation

(∂µeν
m − ∂νeµm + ωµ

m
neν

n − ωνmneµn − κ2

2
ψ̄µγ

mψν)ek
µel

ν = 0 (10.40)

in the form

Rklm = −ωkml + ωlmk (10.41)

where

Rklm = (∂µeνm − ∂νeµm − κ2

2
ψ̄µγmψν)ek

µel
ν (10.42)

Note that Rklm is antisymmetric in its first two indices but ωklm in its last two indices.
Then one repeats this equation three times with cyclically permuted indices and adds as
follows

Rklm = −ωkml + ωlmk

Rlmk = −ωlkm + ωmkl

−Rmkl = +ωmlk − ωklm
ωlmk = 1

2
(Rklm +Rlmk −Rmkl) (10.43)

The result is

ωµmn(e, ψ) = ωµmn(e) + κ2

4
(ψ̄µγmψn − ψ̄µγnψm + ψ̄mγµψn) (10.44)

where ωµmn(e) is the usual spin connection of General Relativity with vielbeins [90]9

ωµmn(e) = 1
2
em

ν(∂µenν−∂νenµ)− 1
2
en
ν(∂µemν−∂νemµ)− 1

2
em

ρen
σ(∂ρecσ−∂σecρ)eµc (10.45)

9Weyl introduced in 1929 the spin connection as ωµ
m
n = −enν∇µeνm, where ∇µeνm = ∂µeν

m −
Γµν

ρeρ
m. This is a rewriting of the vielbein postulate. Substituting the expression for the Christoffel

symbol in terms of the metric one recovers (10.45).
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With this expression for ω substituted, the action in (10.21) is completely invariant under
the transformations in (10.25) and (10.38).

One can eliminate ωµ
mn from the action in (10.21) by solving its own nonpropagating

field equation. It is clear that the solution coincides with (10.44) because according to the
Euler-Lagrange variational principle the ω-field equation is obtained as the coefficient of
an arbitrary variation of ωµ

mn, and that is precisesly what (10.39) yields. In other words,
the same definition of ω(e, ψ) which is needed for local supersymmetry in second order
formalism, is also obtained by solving the ω field equation. Clearly

D[ρe
s
σ] = κ2

4
ψ̄ργ

sψσ if δI/δωµmn = 0 (10.46)

The object ωµmn(e, ψ) in (10.44) is supercovariant, i.e., its local supersymmetry
variation does not contain (∂µε) terms. To prove this, note that the variation of the first
term on the right-hand side of (10.45) yields a term with ∂µε̄

1
2
em

ν∂µ
κ
2
(ε̄γnψν) (10.47)

while variation of ψ̄µ in the one but last term in (10.44) yields

−κ2

4
1
κ
(Dµε̄)γnψm (10.48)

Clearly, the (∂µε̄) terms cancel, since em
νψν = ψm. The other terms with (∂ε) cancel in a

similar way pairwise.
In this construction of the action we did not use the Noether method to derive order

by order in κ the gravitational couplings, but we at once covariantized w.r.t. gravity.
This covariantization, though quite natural, could also have been obtained by using the
Noether procedure, putting eµ

m = δµ
m + κcµ

m. In that way one could also, for example,
derive Einstein gravity.

The authors of ref. [83] constructed second-order supergravity by starting in second
order formalism with ωµ

mn(e) and found the extra κ2ψ̄γψ terms which are contained in
ωµ

mn(e, ψ) by the Noether method. The invariance in second order formalism required
a computer in the final stages of the proof to verify that the five-gravitino terms in the
variation of the action did cancel. (The five-gravitino terms were due to the fact that
δωµ

mn (second-order) contains ψ̄ψε̄ψ terms, due to vielbein variations). The authors of
ref. [82] avoided these five-fermi terms by using first order formalism. In this approach,
one keeps ωµmn as an independent field, and one uses in (10.21) the laws of (10.25) and
(10.38) as well as the rule for δωµmn which follows from the vanishing of the first factor
in (10.39). To solve for δωµ

mn from εµρστεmrst[δωµ
mreτ

t + κ
6
ε̄γmrtDµψτ ] = 0 one can write

the product of the ε tensors as a sum of products of vielbeins, and then follow the same
steps as in (10.43).

We now present an approach to (super)gravity action which combines the advantages
of the second order and the first order formalisms. In the derivation based on the second
order formalism, one does not need to keep track of the variation of the connection ωµ

mn

in the action because, as long as one replaces the independent field ωµ
mn by the solution

of its own nonpropagating field equation ωµ
mn(e, ψ), the sum of all terms with variations

of ωµ
mn automatically cancels, no matter what this variation is [91]. This is sometimes

called the “1.5” order formalism, because one uses the advantages of both the first-order
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and second-order formalisms. But it is second order formalism where one may view ωµ
mn

as an independent field because one need not vary it, but D[µe
m
ν] is still equal to κ2

4
ψ̄µγ

mψν .
The reason one need not vary ω mn

µ in the action is that the sum of all terms obtained by
varying ω reads

δωL =
δL
δω
δω (10.49)

while δL
δω
≡ 0 identically if ω is replaced by ω(e, ψ). Thus we only needed to cancel the

variations δeL(RS) and the Dµeρ
m term which was due to the partial integration of the

varied L(RS), and these cancel if

D[µe
m
ν] = κ2

4
ψ̄µγ

mψν (10.50)

(From the factored form of the total variation in (10.39) one can see this.) We wrote all
variations, including those with δω, out in full because this allowed us to see the precise
point at which second and first order formalism appear.

Note that we are not on-shell when we work in second order formalism. Rather, in
second order formalism we begin by defining the spin connection by ω = ω(e, ψ), and there
are only two independent fields in the theory, e and ψ. It is only a matter of convenience
to keep all terms which constitute ω(e, ψ) together, because then the variation of e and ψ
inside ω, obtained by the chain rule, will cancel in the varied action, and one may treat
ω(e, ψ) as if it were invariant.

There is a geometrical way of interpreting all these results, namely by introducing
curvatures and connections of the superalgebra Osp(1|4). For example, the expression of
ωµmn = ωµmn(e, ψ) is equivalent to the condition that the P -group curvature vanishes

Rµν
m(P ) = 0 (10.51)

which replaces the independent field ωµ
mn by the solution of its own nonpropagating field

equation, ω(e, ψ).
The transformation law for δωµ

mn in first order formalism depends on e, ω, ψ.Even if
one replaces ω by its solution ω(e, ψ), one does not find the result for δωµ

mn in second
order formalism

δ(first order)ωµ
mn|ω=ω(e, ψ) 6= δ(second order)ωµ

mn (10.52)

This is consistent with the fact that ω = ω(e, ψ) is a solution of the ω field equation,
because in this case one can use any expression for δω(e, ψ), the reason being that its
contribution to the variation of the action anyhow cancels, since it is always multiplied
by zero since

δL(e, ω(e, ψ), ψ)

δω
≡ 0 (10.53)

In fact, the difference between δω in first order formalism and δω in second order formalism
is proportional to the gravitino field equation. This is no coincidence, as we now discuss.

We have found transformation rules under which the action is locally supersymmetric.
One might wonder in how far, given the action, these rules are unique. First of all,
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whenever one has an action depending on two (or more) fields f, g which is invariant
under δf and δg, then one can always add to the transformation rules terms proportional
to each others field equation, δf = δ

δg
I and δg = −δI/δf. Then the new variations

cancel identically: δI = δI/δf δf + δg δ
δg
I = δI/δf δ

δg
I + (−δI/δf) δ

δg
I = 0. Thus, one could

have added in second order formalism terms to δeµ
m proportional to the gravitino field

equation, and terms to δψαµ proportional to the vielbein field equation. To obtain these
field equations, it again suffices to vary only the explicit gravitino or vielbein fields in
the action, since the ω variation cancels identically in second order formalism for reasons
explained above. Obviously, the transformation laws we have obtained are the simplest.
However, in first order formalism the ambiguity of adding field equations to transformation
rules can be used to replace the first order law δψµ = δψµ(e, ω, ψ) by the second order law
δψµ = δψµ(e, ω(e, ψ), ψ), the difference being proportional to the ω field equation. One
must then add to δω a term proportional to the ψ field equation.

A simpler example of first- and second-order formalism with rigid susy may be use-
ful. Consider super-Maxwell theory, without auxiliary fields in first-order formalism,
L = 1

4
F 2
µν − 1

2
F µν(∂µAν − ∂νAµ) − 1

2
λ̄/∂λ. The rigid susy rules are δAµ = ε̄γµλ, δλ =

−1
2
γµν(∂µAν − ∂νAµ)ε− α

2
(γµνε)

(
Fµν − (∂µAν − ∂νAµ)

)
, and δFµν = −ε̄(γµ∂ν − γν∂µ)λ+

αε̄γµν/∂λ. The terms with α form separately a so-called equation of motion symmetry
δλ = −αγµνε δS

δFµν
and δFµν = −αε̄γµν δSδλ̄ . For α = 1 and Fµν an independent field, one

has δFµν = ε̄γµνρ∂
ρλ and δλ = −1

2
γµνεFµν . This is the first-order form of this model. On

the other hand, eliminating Fµν by its field equation and substituting the result into the
transformation rules, one obtains the second-order formalism with the rules for α = 0,
namely δλ = −1

2
γµν(∂µAν − ∂νAµ)ε. The differences between the rules of the first- and

second-order formalisms are proportional to the equations of motion. In this example Fµν
plays the role of ωµ

mn, Aµ plays the role of eµ
m, and λ the role of ψµ. The susy commuta-

tors evaluated on Aµ, λ, Fµν in first-order formalism close up to a gauge transformation,
the Fµν field equation, and the λ field equation, respectively.

We considered from the start actions for the gravitino which preserve parity, the reason
being that the Einstein action preserves parity. One might think that one could also
construct a theory with parity violation in the spin 3

2
sector. In that case one would need

an action for ψµ with an extra γ5 matrix, which is still invariant under δψµ = ∂µε. However,
there is no such action, because the first two candidates ψ̄µ/∂γ5ψ

µ and ψ̄µγ
µρσγ5∂ρψσ go

over into minus themselves after partial integration, while the other candidate ψ̄ ·γγ5∂ ·ψ
is not invariant under δψµ = ∂µε. Hence, parity is automatically preserved in the spin
3
2

sector, or phrased differently: supersymmetry forces the gravitino action to preserve
parity.

We have seen that local supersymmetry in second order formalism required that ω be
eliminated by the constraint (Dµe

m
ν − κ2

4
ψ̄µγ

mψν) − (µ ↔ ν) = 0. Suppose one would
have chosen a different constraint, for example, by changing the coefficient 1

4
. The theory

would then no longer be locally supersymmetric, but the linearized theory would still have
the local gauge invariance δψµ = ∂µε. Thus, at the coupled level a local symmetry would
be lost. In such cases the theory is inconsistent. Let us discuss consistency in more detail.

Before the advent of supergravity, there had been studies of the coupling of spin 3
2

to spin 1 [92]. With hindsight it is easy to see why such systems by themselves were
never locally supersymmetric. Suppose one couples a photon minimally to an electrically
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charged complex gravitino. The action would read

L = −1
4
F 2
µν − ψ̄µγµρσ(∂ρ − ieAρ)ψσ (10.54)

Under δψσ = (∂σ − ieAσ)ε, the spin 3
2

action would vary into 1
2
(ψ̄µγ

µρσε) times ieFρσ.
The Maxwell action would, however, vary into the derivative of Fρσ times the photon
variation: δ(−1

4
F 2
µν) = (∂µFµν)δA

ν . Hence the sum of these variations cannot cancel.
This example shows why the spin (2, 3

2
) system can be made invariant, but the spin (1, 3

2
)

system not. Namely, the spin 2 field equation is proportional to a curvature (the Einstein
tensor), but the spin 1 field equation is proportional to the derivative of a curvature.
The inconsistency of this coupled spin (1, 3

2
) system can also be demonstrated by taking

the ∂µ − ieAµ divergence of the spin 3
2

field equation γµρσ(∂ρ − ieAρ)ψσ = 0. It yields
γµρσFµρψσ = 0, which, being an algebraic constraint between the fields Fµν and ψσ, is too
strong.

One can construct rigidly supersymmetric free (uncoupled) spin (1, 3
2
) systems. This

can be seen from x-space or superspace methods. As we saw, the linearized actions even
have a local gauge invariance, which corresponds in x-space to δψµ = ∂µε and δAµ = ∂µΛ.
However, one cannot write down interactions which are gauge-invariant. Thus, gauge
invariance plus rigid supersymmetry are incompatible in the coupled spin (1, 3

2
) system.

One can, however, couple a spin (1, 3
2
) system to the spin (2, 3

2
) system; in the interacting

theory one has then two local nonlinear supersymmetries, one for each gravitino, because
in these theories the gravitinos appear symmetrically, and this system is consistent. It
is N = 2 supergravity and it unifies electromagnetism with gravity in a geometrical way
[93], thus realizing “Einstein’s dream”.

Let us now derive the field equations. The 1.5 order formalism shows that one need
not vary the vielbeins in the spin connection of both L(E) and L(RS) because the sum of
all these variations anyhow cancels. Thus the spin 2 field equation is simply obtained by
varying only the explicit vielbeins in the action. To avoid having to vary several vielbein
fields we use the gravitino action with γ5γν instead of γµνρ (using eγµρσ = iεµνρσγ5γν
where ε0123 = +1 and (γ5)2 = I)

−1

2
eψ̄µγ

µρσDρψσ = − i
2
εµνρσψ̄µγ5γνDρψσ (10.55)

We obtain then the following expression in the spin 2 field equation

e

κ2

(
Rν

τ − 1

2
δν
τR

)
− i

2
ψ̄µγ5γνDρψσε

µτρσ = 0 (10.56)

The spin 3
2

field equation can be obtained, using again the 1.5 order formalism, by only
varying the explicit gravitino fields in L(E) + L(RS), and reads

εµνρσ
(
γ5γνDρψσ + 1

2
γ5γnψσDρeν

n
)

= 0 (10.57)

The last term is due to partially integrating the Dρ in Dρψσ (10.55) and it vanishes since

D[ρeν]
n = κ2

4
ψ̄[ργ

nψν] and, as a Fierz rearrangement shows, (γnψσ)(ψ̄ργ
nψν)ε

µνρσ = 0. So,
the complete spin 3

2
field equation in 1.5 order formalism is simply

Rµ ≡ εµνρσγ5γνDρ(ω)ψσ = 0 (10.58)
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where ω = ω(e, ψ). The field equations are thus given by (10.56) and (10.58). Tracing the
spin 2 field equation produces the spin 3

2
field equation on the right-hand side, so on-shell

the scalar curvature vanishes

R = 0 on-shell (10.59)

We now show that simple supergravity is consistent: the field equations are consis-
tent because the consistency condition DµR

µ = 0 is satisfied [82]. This is a nontrivial
result because, if nonvanishing, DµR

µ would give an algebraic constraint on the Riemann
curvature. To prove the consistency, we begin by using (10.50) and the fact that the
commutator of the two covariant derivatives gives a curvature

DµR
µ = (εµνρσγ5γnDρψσ)

(
κ2

4
ψ̄µγ

nψν

)
+ (εµνρσγ5γνγmnψσ)

(
1

8
R mn
µρ (ω)

)
(10.60)

Next we use γνγmn = emνγn − enνγm + etνγtmn and γtmn = iεtmnsγ5γ
s, and we express the

product etνε
µνρσεtmns in terms of vielbein fields10 as −e(−eµmeρneσs − 5 terms). This yields

for the second term in (10.60)

(εµνρσγ5γrψσ)
1

4
R r
µρν (ω) +

i

2
(γsψσ)G σ

s (10.61)

where G σ
s is the Einstein tensor R σ

s − 1
2
e σ
s R. The term with εµνρσRµρν

r vanishes if there
is no torsion, but here it yields a derivative of the torsion

2εµνρσDµ(Dνe
s
ρ) = κ2εµνρσψ̄νγ

sDµψρ

= εµνρσR s
µν t(ω)etρ = εµνρσR s

µρν (ω)
(10.62)

If we use the spin 2 field equation for the term with the Einstein tensor in (10.61) we
obtain

DµR
µ = κ2

4
εµνρσ

[
(γ5γnDρψσ)(ψ̄µγ

nγν) + (γ5γsψσ)(ψ̄νγ
sDµψρ)− (γsψν)(ψ̄µγ5γsDρψσ)

]
(10.63)

A simple Fierz rearrangement which casts the sum of the last two terms in the form

εµνρσ(ψ̄µO
Iψν)[γ5γsOIγ

s + γsO
Iγ5γ

s]Dρψσ (10.64)

shows the sum of all terms cancels, and thus that the consistency condition DµR
µ = 0 is

satisfied.
Let us now discuss the stress tensor for the gravitinos [92], taking advantage of the 1.5

order formalism. To obtain the classical gravitational spin 3
2

stress tensor, one may begin
by writing the action as the Einstein-Hilbert action of General Relativity plus gravitino-
matter terms

LHE(e, ω(e, ψ)) + LRS(e, ψ, ω(e, ψ)) = LHE(e, ω(e)) + LRS(e, ψ, ω(e)) + Ltor (10.65)

where the torsion terms are given by

Ltor =
e

2κ2
[τµνρτ

ρνµ − (τλλµ)2] (10.66)

10The overall minus sign is due to Minkowski space.
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with τµνρ = ωµνρ(e, ψ) − ωµνρ(e) the torsion terms in (10.44). The terms linear in the
torsion tensor cancel (again the 1.5 order formalism) so only the terms quadratic in
torsion remain, and these come from LHE. The variation of the last two terms in (10.65)
with respect to the vielbein field gives then the spin 3

2
stress tensor. Varying the vielbein

fields in LRS which do not occur inside ω(e) one finds the leading terms in the spin 3
2

stress
tensor. The stress tensor contains, in addition, total derivative terms with two gravitinos
due to varying ω(e), and four-gravitino terms from Ltor.

The stress tensor of an Einstein- and locally Lorentz-invariant matter action should
be symmetric and covariantly conserved on the matter mass shell, as follows from

δS =

∫
d4xδeµ

mTm
µ =

∫
d4x(Dµξ

m)Tm
µ = −

∫
d4xξmDµTm

µ = 0 (10.67)

and

δS =

∫
d4xδeµ

mTm
µ =

∫
d4xλmneµ

nTm
µ =

∫
d4xλmnTm

n = 0. (10.68)

This implies for the supergravity system

Dµ(ω(e))Tm
µ = 0; λmnTmn = 0 if δS/δψµ = 0 (10.69)

where ξm = ξµeµ
m. (As we have shown before, the variation δeµ

m = Dµ(ω(e))ξm is
a sum of an Einstein transformation δeµ

m = ξν∂νeµ
m + (∂µξ

ν)eν
m and a local Lorentz

transformation δeµ
m = (ξνων

m
n)eµ

n, namely

δeµ
m = ∂µξ

m − ξν(∂µeνm − ∂νeµm) + ξνων
m
neµ

n (10.70)

= Dµ(ω(e))ξm + ξν(−∂µeνm + ∂νeµ
m + ων

m
neµ

n − ωµmneνn)

= Dµξ
m

because Dµeν
m−Dνeµ

m = 0 if we take ω = ω(e).) Applying this to the spin 3
2

field shows
that Tµν = Tνµ and Dµ(ω(e))Tm

µ = 0 if the spin 3
2

field equation (10.58) holds.
It is actually possible to write down a simple expression for Tm

µ, namely

Tm
µ = θm

µ +
e

κ2
[Gm

µ(e, ω(e, ψ))−Gm
µ(e, ω(e))] (10.71)

where θ τ
ν is the last term in (10.56). The difference of the two Einstein tensors contains the

total derivative terms (from Dµτν−Dντµ) and the torsion terms (from τµτν− τντµ) which
we mentioned earlier. On-shell, using (10.56), this reduces to Tm

µ = e
κ2
Gm

µ(e, ω(e)),
which is, of course, the usual Einstein equation. Clearly, (10.69) is satisfied.

We have seen that the field equations of N = 1 supergravity are consistent. In fact,
one can even add a term det e[α+βψ̄µγ

µνψν ] to the action, and still one finds consistency
for all α and β. (To show this, it is helpful to write ψ̄µγ

µνψν in the form εµνρσψ̄µγ5γρσψν
because then the gravitino field equation has an overall factor εµνρσ.) For a particular
ratio of α and β, this is the supercosmological constant, which we discuss further after
we have introduced auxiliary fields, and in this case there is still local supersymmetry
(the gravitino can then be called massless). But for arbitrary α and β there is no local
supersymmetry, yet the action is consistent. This is not surprising because in the free field
case in flat space, one can write down a mass term for the gravitino without introducing
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ghosts or tachyons, namely, ψ̄µγ
µνψν . However, if one were to add a term ψ̄µψ

µ to the
action, the theory would not be consistent, in agreement with the fact that such a mass
term leads to tachyons in flat space (particles with negative mass squared which propagate
faster than light).

The proof of invariance started with the demonstration that the variation of the grav-
itino action is only proportional to the Ricci tensor, but not to the Riemann tensor.
Actually, this result could have been anticipated by noting that there are not enough
indices available for a full Riemann tensor to survive. To see this, note that the variations
are of the form ψ̄?γ

?γ?γ?εR???? and ψ̄?γ
?εR????. Since the torsion independent pieces of

the Riemann tensor satisfy the cyclic identity, these terms must all cancel. For higher
spins this is not true. For example, for a spin 5/2 field ψµν = ψνµ a term ψ̄??γ?ε?R???? is
present in the varied action [94] and this explains in a simple way why no spin (5/2, 2)
theory of “hypergravity” is possible.

The natural subject to be discussed next is the local gauge algebra [95]. To obtain
simple results we should first obtain a set of auxiliary fields. We will do so in some detail
in a moment, but for pedagogical reasons we want first to do a simple calculation which
illustrates several general aspects. Namely, we shall use the transformation rules obtained
so far, under which the action is invariant

δψµ =
1

κ

[
∂µε+

1

4
ωµ

mn(e, ψ)γmnε

]
; δemµ =

κ

2
ε̄γmψµ (10.72)

and compute the commutator of two local supersymmetry variations on the vielbein.
This is incomplete because we shall later include auxiliary fields, but it will give a good
indication how the {Qα, Qβ} ∼ Pm anticommutator of rigid supersymmetry is modified
when one goes over to local supersymmetry.

We start from

[δ(ε1), δ(ε2)]emµ =
κ

2
ε̄2γ

m

(
1

κ
Dµε1

)
− (1↔ 2)

=
1

2
ε̄2γ

mDµε1 +
1

2
(Dµε̄2)γmε1

=
1

2
Dµ(ε̄2γ

mε1) (10.73)

where Dµε1 = ∂µε1 + 1
4
ωµ

mnγmnε1 and Dµ(ε̄2γ
mε1) = ∂µ(ε̄2γ

mε1) + ωµ
m
n(ε̄2γ

nε1). All
covariant derivatives contain the same spin connection ωµ

mn with torsion, but the second
line in (10.73) is nevertheless equal to the third line (in other words, the covariant deriva-
tive satisfies the Leibniz rule11). We expect to find a general coordinate transformation
on the right hand side, with parameter ξλ = 1

2
ε̄2γ

λε1, because in rigid supersymmetry one
has a translation with this parameter. Therefore, we define

ε̄2γ
mε1 = ξµeµ

m, ξµ = 1
2
ε̄2γ

µε1 (10.74)

and rewrite the term Dµ(1
2
ε̄2γ

mε1) as follows

Dµ(ξλeλ
m) =

(
(∂µξ

λ)eλ
m + ξλ∂λeµ

m
)

+ (−ξλ∂λeµm + ξλDµeλ
m) (10.75)

11The Leibniz rule requires that Dµγ
m = 1

4ωµ
klγklγ

m − 1
4ωµ

klγmγkl + ωµ
m
nγ

n vanishes which is easy
to check: 1

4γ
mγkl − 1

4γklγ
m = 1

2 (δk
mγl − δlmγk).
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We have split off the expected general coordinate transformation and Dµe
m
λ = ∂µe

m
λ +

ω m
µ ne

n
λ . We must now understand the meaning of the two remaining terms. Completing

the ordinary derivative to a covariant derivative by adding and subtracting a term, we
obtain for the two remaining terms

−ξλ(Dλe
m
µ −Dµe

m
λ) + (ξλωλ

m
n)enµ (10.76)

The last term is clearly a local Lorentz rotation of emµ with parameter ξλωλ
mn. The first

two terms can be rewritten using (10.46) as

−ξλκ
2

2
ψ̄λγ

mψµ =
κ

2
(−κξλψ̄λ)γmψµ (10.77)

Comparing with (10.38) we recognize a local supersymmetry variation of the vielbein with
parameter (−κξλψλ).

Thus, the commutator of two local supersymmetry variations of the vielbein is equal
to a sum of three local symmetry variations of the vielbein: a general coordinate trans-
formation with parameter ξλ, a local Lorentz transformation with parameter ξλωλ

mn and
finally a local supersymmetry transformation with parameter −κξλψλ. In order to have
a closed gauge algebra, the same commutator of two supersymmetry variations of the
gravitino should be equal to the same sum of three local symmetry transformations of
the gravitino. However, an explicit computation shows that one gets more: there are also
extra terms which are proportional to the gravitino field equation [95]. This situation is
the same as in rigid supersymmetry, and the solution is also the same: one needs auxil-
iary fields whose role is to remove these field equation terms. We shall now discuss these
auxiliary fields.

Off-shell the vielbein field eµm has 16−4−6 = 6 degrees of freedom. (We must subtract
the number of gauge invariances because a gauge invariance means that a field component
is absent from the action. For the vielbein field there are 4 general coordinate invariances
and 6 local Lorentz invariances.) The Rarita-Schwinger field on the other hand has
16− 4 = 12 degrees of freedom off-shell, where 4 is the number of local supersymmetries.
This leads to an imbalance of 6 degrees of freedom that must be provided by the auxiliary
fields. The simplest possibility is to assume that there are no auxiliary spinors and so
there must be 6 bosonic auxiliary fields. We take them to be S, P and Am where P and
Am are parity odd while S is parity even. These fields occur in the action as S2, P 2 and
A2
m in order not to lead to on-shell states and so we expect them all to have dimension

two. This corresponds to the old minimal formulation of supergravity [96].
The reason that S and P must have opposite parity is the same as the reason that

the auxiliary fields F and G of the Wess-Zumino model have opposite parity. They must
transform into the spinor field equation Rµ, and the only possibility is

δS ∼ ε̄γµR
µ, δP ∼ ε̄γ5γµR

µ (10.78)

If S and P would have had the same parity, δS would be proportional to δP so that a
linear combination of S and P would have been inert under rigid supersymmetry. This
would violate the {Q,Q} ∼ P relation. More precisely, as we have seen, the commutator
of two local supersymmetry transformations, [δ(ε1), δ(ε2)], is a sum of a general coordinate
transformation, and a local Lorentz and a local supersymmetry transformation, but on
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scalars the local Lorentz transformation vanishes, and if S − P were indeed invariant
under local supersymmetry, one would find that S −P should be invariant under general
coordinate transformations, which is not possible.

The reason that Am has negative parity is that off-shell the bosonic and fermionic fields
must form multiplets, with equal numbers of bosonic and fermionic field components.
Since the gravitino has an even and an odd parity part (due to projection with 1

2
(1 ±

γ5)) and all components of the vielbein have positive parity, there must be bosonic field
components with negative parity, and since S and P are already paired off against each
other, Am must have negative parity. Another reason that Am must have negative parity is
clear if we use for a moment results of superspace. Namely, just as in rigid supersymmetry
the Yang-Mills field W a

µ and the auxiliary pseudo-scalar D are found at the θ̄γ5γµτ and
θ̄θθ̄θ levels of a superfield V , respectively, the same holds for the vielbein eµ

m and auxiliary
fields Am which are found in a superfield V m again at these θ-levels. Clearly, W a

µ and Da,
and thus also eµ

m and Am, must have opposite parity.
We shall not discuss the derivation of auxiliary fields, but just quote the final result.

The complete transformation rules read

δeµ
m =

κ

2
ε̄γmψµ

δψµ =
1

κ
Dµε+

1

6
γµ(S − iγ5P )ε+

i

2
γ5

(
Aµ −

1

3
γµ /A

)
ε

δS =
1

4
ε̄γµR

µ,cov, δP =
−i
4
ε̄γ5γµR

µ,cov

δAm =
3i

4
ε̄γ5

(
eνm −

1

3
γmγν

)
Rν,cov

Rµ = γµρσDρ(ω(e, ψ))ψσ

Rµ,cov = γµρσ
(
Dcov
ρ ψσ

)
Dcov
ρ ψσ = Dρψσ −

κ

6
γσ(S − γ5P )ψρ −

iκ

2
γ5

(
Aσ −

1

3
γσ /A

)
ψρ

(10.79)

The object Rµ,cov is supercovariant, meaning its local supersymmetry variation does not
contain ∂µε terms. In these results, ωµ

mn is the function of eµm and ψµ given earlier,
because we use second order formalism. The action which is invariant under these trans-
formations is given by∫

d4x

[
− eR

2κ2
− e

2
ψ̄µR

µ − 1

3
e(S2 + P 2 − A2

m)

]
(10.80)

Note that the auxiliary fields S and P enter in the supergravity action with a minus
sign, whereas the auxiliary field F and G of the Wess-Zumino model enter in the rigid
supersymmetry action with a plus sign. One can finetune the coefficients of these terms
such that the cosmological constant cancels as we discuss below.

It is instructive to check the invariance of (10.80). Some easy checks are as follows.
The variation of S in −1

3
eS2 is canceled by the variation δψµ = 1

6
γµSε of both gravitinos in

−1
2
eψ̄µR

µ. Similarly for the terms with P and Am. The variation of e in−1
3
e(S2+P 2−A2

m)
gives variation proportional to S2, P 2 and A2

m, and these cancel against the variation due
to δS = 1

4
ε̄γ ·Rcov etc. if one takes the terms with S2, P 2 and A2

m.
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The transformation rules form a closed algebra without the use of field equations and
the local algebra is now modified by auxiliary field terms. The simplest field to compute
the commutator on is the vielbein. Carrying out the commutator of two supersymmetries
we find

[δε1 , δε2 ]eµ
m =

κ

2

[
ε̄2γ

m 1

κ
Dµε1 +

1

6
ε̄2γ

mγµ(S − iγ5P )ε1

+ε̄2γ
m i

2
γ5

(
Aµ −

1

3
γµ /A

)
ε1

]
− (1↔2) (10.81)

The first term is processed as before, see equation (10.72), and we obtain the result

[δε1 , δε2 ]eµ
m = ξλ∂λeµ

m + ∂µξ
λeλ

m +
κ

2
(−κξλψ̄λ)γmψµ + ξλωλ

m
reµ

r

+

[
κ

12
ε̄2γ

mγn(S − iγ5P )ε1 +
iκ

4
ε̄2γ

mγ5

(
An −

1

3
γn /A

)
ε1 − (1↔2)

]
eµ
n (10.82)

where ξλ = 1
2
ε̄2γ

λε1 as before. We recognize in the terms with auxiliary fields a local
Lorentz transformation on eµ

m.
The same algebra holds for all other supergravity fields and is given by

[δε1 , δε2 ] = δE(ξµ) + δQ(−κξνψν) + δL(− iκ
12
ε̄2{γmn, /A}γ5ε1 + κ

6
ε̄2γ

mn(S− iγ5P )ε1 + ξλωλ
mn)

(10.83)
Hence, adding auxiliary fields has led to two modifications in the local gauge algebra

(i) the algebra closes;

(ii) there are extra local Lorentz transformations, proportional to the auxiliary fields.

This concludes our discussion of the commutator of two local supersymmetry trans-
formations. The other commutators all close, with or without auxiliary fields, and the
expressions for these commutators do not depend on auxiliary fields and are the same
in both cases. So we could have written them down before we started our discussion of
auxiliary fields. For completeness we record them here

[δE(ηµ), δE(ξµ)] = δE(ξν∂νη
µ − ην∂νξµ)

[δL(λmn), δE(ξµ)] = δL(ξν∂νλ
mn)

[δL(λmn), δL(ωmn)] = δL(−λmkωkn + ωmkλ
kn)

[δQ(ε), δE(ξµ)] = δQ(ξν∂νε)

[δQ(ε), δL(λmn)] = δQ(1
4
λmnγmnε)

(10.84)

The first three commutators are those of General Relativity with vielbeins, while the
latter two state that ε is a world-scalar and a Lorentz-spinor.

We are now in a position to compare the rigid superPoincaré algebra with the local
gauge algebra. The former acts linearly on the fields, so we take the linearized limit of
the latter, and also use only constant parameters. In this case (10.83) indeed reduces
to the {Q,Q} ∼ P anticommutator. (Of general coordinate transformations, only the
shift terms remain.) However, the rigid limit of (10.84) contains some subtleties. The
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commutator of a local Lorentz transformation and a general coordinate transformation
yields

[δL(λmn, δE(ξµ)] = δL(ξν∂νλ
mn) (10.85)

but in the limit where parameters become constant one finds zero on the right hand side,
whereas the rigid [Mmn, Pk] commutator is nonzero. The reason is that local Lorentz
transformations are obtained from rigid Lorentz transformations by retaining only the
spin parts, but dropping the orbital parts. (The latter are the xµ∂ν − xν∂µ terms which
act also on a scalar field.) The spin parts cancel in the rigid commutator [Mmn, Pk] = 0,
but the orbital parts contribute.

From the local gauge algebra we can draw two conclusions which will be important
when we discuss the eleven- and ten-dimensional supergravity theories:

1. the transformation rule of the gravitino is supercovariant

2. the field equation of the gravitino is supercovariant if one omits auxiliary fields

We have already seen that δψµ = 1
κ
Dµ(ω)ε is supercovariant because in four dimensions

ω mn
µ is supercovariant. For the gravitino field equation we found Rµ = εµνρσγ5γνDρ(ω)ψσ,

and this is also supercovariant because εµνρσDρ(ω)δψσ is proportional to R mn
ρσ γmnε. The

reason δψµ is in general supercovariant becomes clear if we inspect the commutator

[δ(ε1), δ(ε2)]ψµ = δE(ξν)ψµ + δSUSY (−κξνψν)ψµ + δlL(...)ψµ (10.86)

The ∂ε terms from the Einstein transformation are (∂µξ
νψν) while the ∂ε terms from

the local supersymmetry transformation are given by 1
κ
∂µ(−κξνψν). Clearly all ∂ε terms

cancel. Also for the gravitino field equation one can give a general argument. Since field
equations rotate into field equations under a supersymmetry transformation, the grav-
itino field equation must transform into the Einstein field equation. Simply counting the
number of derivatives then explains why the gravitino field equations is supercovariant:
the local supersymmetry variations of the gravitino field equation can have at most two
derivatives, but both of these derivatives are needed for the Einstein field equation, hence
there are no derivatives left for the ∂ε terms.12 Requiring supercovariance of the trans-
formation law and the field equation of the gravitino will greatly facilitate in d = 11 the
determination of terms which are of higher order in the number of gravitino fields.

Let us now come back to the super cosmological constant. It is possible to generalize
the cosmological term to supergravity [97]; the expression∫

d4x(eS + e
4
κψ̄µγ

µνψν)m
2 (10.87)

is separately invariant under the local supersymmetry transformations of (10.79) as the
reader may verify. (The easiest way to check the relative normalization of the two terms in
(10.87) is to use the variation δψµ = 1

κ
Dµε.) Eliminating S by its field equation S = 3

2
m2,

we find a term +3
4
em4 in the action which is the cosmological constant. Note that the

12There are also terms in the SUSY variation of Rµ which are proportional to the gravitino field
equations, but these can only be of the form εψDψ, and not ∂εψDψ for dimensional reasons.
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sign is fixed and positive; this means that in cosmological applications one has an anti-de
Sitter universe (with symmetry group SO(3, 2)) rather than a de Sitter universe (with
symmetry group SO(4, 1)). One can also see this from the gravitino law where one finds
an extra term with S, which becomes δψµ = 1

κ
Dµε + 1

4
γµεm

2 after eliminating S by
substituing its field equation, and the Lorentz generators γρσ together with γµ generate
SO(3, 2). It is thus not true that the vanishing of the cosmological constant in our universe
can be explained by the fact that one cannot write down a supersymmetric extension of
the cosmological constant, but one can cancel the effective cosmological constant when
coupling to matter13. One cannot write down a de Sitter type of cosmological constant
in a theory of supergravity without ghosts, independently of whether one uses other sets
of auxiliary fields, or no auxiliary fields at all. One can already see this at the level
of the algebra: for the supersymmetric de Sitter algebra, the anticommutator of two
supersymmetry charges vanishes, instead of being proportional to Pµ [98].

10.2 Eleven-dimensional Supergravity.

The highest dimension where a supergravity theory can exist is 11 dimensions. This
follows from the following four facts:

1. In D = 4 field theory, the highest spin a massless interacting field can have is 2, and
this field is the gravitational field.

2. The massless representations of N -extended supersymmetry contain states with
helicities ranging from λ to λ +N /2. So the largest massless representation of the
states of an interacting field theory has λ = −2 and N = 8; its helicities range from
−2 to 2.

3. The N = 8 model has eight supersymmetries and thus eight 4-component Majorana
spinorial parameters εαi (with α = 1, ... , 4 and i = 1, ... , 8) which can be rewritten
as one 32-component Majorana spinor εA (with A = 1, ... , 32).

4. Non-chiral spinors in D dimensions have 2[D/2] components, so in 11 dimensions
they have 32 components.

This shows that D = 11 is the roof for supergravities.14

There is only one supergravity theory in 11 dimensions, and no super Maxwell or super
Yang-Mills theory. This theory was constructed by Cremmer, Julia and Scherk in 1978,
two years after supergravity was discovered [100]. It is unique. For example, one cannot

13In rigid supersymmetry, the auxiliary field F enters the action as + 1
2F

2, and if we add a term linear in
F (which is separately invariant as δF = ε̄/∂χ), one can eliminate F and find then a negative cosmological
constant (which without the contribution of supergravity would lead to a de Sitter universe).

14The Chern-Simons term suggests to look for a 12-dimensional topological theory which lives on an
11-dimensional boundary. However, a topological term Dµψ̄νΓµνρσDρψσ is not possible for chiral spinors.
Chiral spinors in 12 dimensions have also 32 components, and in 10 + 2 dimensions these spinors can
be real. So far nobody has been able to construct a supergravity theory in 10 + 2 dimensions [99], in
agreement with the fact that in Nahm’s classification of susy algebras no susy algebra in d = 12 is found.
The so-called F-theory is not a 12-dimensional theory, but rather the IIB theory with the axion and
dilaton defined on sections of a bundle.
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add a cosmological constant
√
−gΛ to the action and maintain local supersymmetry [101].

The 11d theory contains, of course, the graviton and the gravitino, but it is easy to see that
it must contain more fields. A graviton is symmetric, transversal and traceless on-shell
(a result one derives in General Relativity classes), hence it contains(

1

2
× (D − 2)× (D − 1)

)
− 1 = 44 states. (10.88)

A gravitino is also transversal on-shell, and “gamma-traceless” by which is meant that
γµψµ = 0. Hence a real gravitino contains

1

2
× (D − 3)× 32 = 128 states. (10.89)

(We used that the number of states of spinors is half the number of components.) As-
suming that we only need more bosonic fields (as is indeed the case) we need one or more
bosonic fields with 128 − 44 = 84 states. The simplest case would be one extra bosonic
field. A real transversal 3-index antisymmetric tensor gauge field Aµνρ in D = 11 has(

11− 2

3

)
=

9 · 8 · 7
1 · 2 · 3

= 84 states. (10.90)

The field Aµνρ must be a gauge field, otherwise it would not be transversal. As a conse-
quence, Aµνρ will only appear in polynomials, and the action should not only be invariant
under general coordinate, local Lorentz and local supersymmetry transformations, but
also under the “Maxwell” symmetry:

δAµνρ = ∂µλνρ + ∂νλρµ + ∂ρλµν (10.91)

These counting arguments reveal that there is a chance that an N = 1 supergravity
theory in 10 + 1 dimensions exists whose field content is

e m
µ (44 bosonic), ψ A

µ (128 fermionic), Aµνρ(84 bosonic) (10.92)

where m, µ = 0, ...10 and A = 1, ...32. However, we must first check that it is consistent
to require that the gravitino ψµ be real. The reality (Majorana) condition for a spinor is

ψµ ≡ ψ†µiγ
0 = ψTµC (10.93)

The matrix C satisfies
CT = ±C CγµC−1 = ± (γµ)T (10.94)

but in an odd number of dimensions only one of these signs is possible. Given that in
D = (9, 1) dimensions a real representation of the Dirac matrices exists, it follows that
in D = (10, 1) dimensions also a real representation exists (for example Γ(10) × σ1 and
I× σ3 where Γ(10) denotes the set of 10 real Dirac matrices in 9 + 1 dimensions).

We now show that for a real representation, the charge conjugation matrix C is pro-
portional to γ0 (the Dirac matrix associated with the time coordinate). The reason is
that γ0 is anti-hermitian. Thus, (

γ0
)T

= −γ0 (10.95)
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(γ0 is also real.) The 10 Dirac matrices associated with the spatial coordinates are her-
mitian, hence (

γi
)T

= γi (10.96)

Now, using that (γ0)−1 = −γ0 = (γ0)T , we obtain

γ0γ0(γ0)T = −(γ0)T ; γ0γi
(
γ0
)T

= −
(
γi
)T

(10.97)

Hence C = γ0. So in D = 11 dimensions

CT = −C, CγµC−1 = − (γµ)T (10.98)

It can be shown that these relations hold in any representation. We conclude that we
can take ψµ real because its field equation preserves reality. So, in 10 + 1 dimensions
Majorana gravitinos exist.

As action we try the sum of the Einstein, Rarita-Schwinger and Maxwell-like actions,
gravitationally covariantized, and further a Pauli coupling (a coupling of the form ψψF )
and a Chern-Simons-like term (an 11-form):

LChern-Simons = Cκεµ1µ2...µ11Fµ1...µ4Fµ5...µ8Aµ9µ10µ11 (10.99)

where C is a constant to be fixed and κ is the gravitational constant. Clearly κAµνρ is
dimensionless because the Maxwell action F 2

µνρσ must have the same dimension as the
Chern-Simons term. Pauli couplings are usually present in supergravity theories with
vector gauge fields, but the εFFA term is unusual (and hints at an D = 10 + 2 theory
with a topological term εFFF ). The action is given by

LSUGRA = LHilbert-Einstein + LRarita-Schwinger + LMaxwell + LPauli + LChern-Simons (10.100)

with

LHilbert-Einstein = − e

2κ2
R(e, ω) LRarita-Schwinger = −e

2
ψµγ

µρσDρ

(
ω +

1

2
ψγ(5)ψ

)
ψσ

LMaxwell = − e

48
FµνρσF

µνρσ LPauli = eκ
[
Aψµγ

µαβγδνψν +Bψ
α
γβγψδ

] [
Fαβγδ + F̂αβγδ

]
(10.101)

and the Chern-Simons term (10.99). Here A, B and C are three constants to be fixed,
and

e = det e m
µ =

√
−g with g = det gµν (10.102)

Furthermore,
Dρ(ω)ψσ = ∂ρψσ + 1

4
ω mn
ρ γmnψσ (10.103)

if one antisymmetrizes in ρ and σ. The symbol F̂αβγδ is the supercovariant field strength,
and Fαβγδ = ∂αAβγδ + 3 terms. For definiteness we fix ε012..,10 = +1. We have chosen
the normalization of the kinetic term for Aµνρ such that the action is of the canonical
form 1

2
q̇2 + · · · . This is not necessary but also the Maxwell action in D = 4 has this

normalization.
The symbol 1

2
ψγ(5)ψ in ω + 1

2
ψγ(5)ψ denotes particular terms with 5 Dirac matrices

which we shall determine. All (complicated) four-Fermi terms of the form ψψψψ are then
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taken care of by using ω + 1
2
ψγ(5)ψ in LRS and F + F̂ in the Pauli coupling. The field

ω mn
µ in the action in (10.101) is an independent field, but as in D = 4 we eliminate it

as an independent field by solving its non-propagating field equation. However, unlike
the case in D = 4, we find not only the familiar ψµγ

mψν torsion terms, but also ψγ(5)ψ
torsion terms. The result, which we shall derive, reads

ω mn
µ (e, ψ) = ω̂ mn

µ − ψγ(5)ψ terms (10.104)

where ω̂ mn
µ is the usual supercovariant connection (the bosonic part plus ψ̄Γψ terms).

Substituting the solution for ω one finds as connection in LRS

ω + 1
2
ψγ(5)ψ = ω̂ − 1

2
ψγ(5)ψ = 1

2
(ω + ω̂). (10.105)

To solve for ω mn
µ from its own field equation, we write the Hilbert-Einstein action

as15

LHE = − 1

4κ2

1

9!
εµνρµ4...µ11εmnrm4...m11R

mn
µν (ω)e r

ρ e
m4
µ4

...e m11
µ11

(10.106)

An arbitrary variation of ω mn
µ yields after partial integration

δωLHE = − 1

2κ2
εµνρεmnr

(
δω mn

µ

) (
Dνe

r
ρ

)
(10.107)

(We discuss the rescaling of eµ
m by a factor ϕ−

1
8 later). On the other hand, varying ωµ

mn

in LRS yields

δωLRS = −e
8

(
ψµγ

µρσγmnψσ
)
δω mn

ρ (10.108)

The terms multiplying δω mn
ρ yield the field equation of ω mn

ρ according to the Euler-
Lagrange variational principle. If we expand εµνρεmnr into six terms with vielbein fields
(with an extra overall minus sign because we are in Minkowski spacetime!), we can solve
for D[ν e

r
ρ] , just as in 4 dimensions. Again we decompose ψ̄µγ

µρσγmnψσ into torsion terms

of the form ψ̄µγ
mψν and five-gamma terms ψ̄µγ

µρσ
mnψσ. However, now the terms with

ψµγ
µρσ

mnψσ do not vanish. One finds for the field equation of ωµ
mn

D[ν e
r
ρ] ≡

1

2

(
Dνe

r
ρ −Dρe

r
ν

)
=
κ2

4
ψνγ

rψρ −
κ2

8
ψαγ

α r β
ν ρ ψβ (10.109)

(The calculation is not very difficult if one recalls that the terms with three Dirac matrices
cancel, and if one knows already the result in 4 dimensions.) The first term is the torsion
we already encountered in D = 4, but the second term is new in D = 11. Solving for
ω mn
µ as usual by writing this equation three times with permuted indices yields

ωµ
mn = ω̂µ

mn − κ2

8
ψαγ

α
µ
mnβψβ

≡ ω̂ mn
µ −

(
ψγ(5)ψ

)
µ
mn (10.110)(

ψγ(5)ψ
)
µ
mn =

κ2

8
ψαγ

α
µ
mnβψβ

15The contraction of 9 pairs of indices gives a factor 9!, but note that εµνεmn = − (e µ
m e ν

n − e ν
m e µ

n )
since ε01 = −ε01. We define the Ricci tensor byRµn(ω) = Rµνmn(ω)emν . Then one obtains LHilbert-Einstein

in (10.101).
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If we were to substitute this result into LRS(ω + 1
2
ψγ(5)ψ), one would find that the con-

nection in LRS can be written as 1
2
(ω + ω̂) with ω given in (10.110)16, and this is what

appears in [102], but we shall use the 1.5-order formalism and not expand ω. So the
connection in LHE is ω and in LRS it is ω + 1

2
ψγ(5)ψ with ψγ(5)ψ defined in (10.110).

The transformation rules are given by

δe m
µ =

κ

2
ε̄γmψµ

δψµ =
1

κ
Dµ(ω̂)ε+

(
Dγαβγδµ + Eδαµγ

βγδ
)
F̂αβγδε

δAµνρ = F ε̄γ[µνψρ] (10.111)

where the last term has “strength one”

ε̄γ[µνψρ] = 1
3

(ε̄γµνψρ + ε̄γνρψµ + ε̄γρµψν) (10.112)

Since antisymmetric tensors can be written as forms, we expect a term like ε̄γ[µνψρ] in
δAµνρ, but not a term like ε̄γµνρσψ

σ. The transformation law of ψµ should be super-

covariant so we need ω̂ and F̂ in δψµ instead of ω and F .17 The reason is that the
supersymmetry commutator evaluated on e m

µ shows that it is equal to an Einstein trans-
formation with ξν = 1

2
ε̄2γ

νε1, a local supersymmetry transformation with ε = −κξνψν ,
and a local Lorentz transformation with a parameter λmn which is bilinear in ε1 and ε2
but contains no derivatives of ε1 or ε2. Since all derivatives of ε cancel if we evaluate this
commutator on ψµ,

δEψµ = ξν∂νψµ + (∂µξ
ν)ψν

δsusyψµ = 1
κ
Dµ (−κξνψν)

}
the ∂µξ

ν terms cancel in the sum (10.113)

the law δψµ must be supercovariant. (Strictly speaking, only the commutator need be
supercovariant).

To prove by direct calculation that this action is locally supersymmetric is very tedious
[101], and we leave this calculation for the aficionados. We only discuss here a few
steps. If we can fix the constants A, B, ...F such that the action is invariant under local
supersymmetry transformations (up to total derivatives), we would have proven that
N = 1 supergravity in 10+1 dimensions exists. Let us start by repeating the steps we did
in D = 3+1 dimensions. Varying the vielbeins in the Einstein action and the two explicit
gravitinos in the Rarita-Schwinger action (not yet the ones contained in ω + 1

2
ψ̄γ5ψ) we

find that the leading torsion terms cancel again. However, there are now new terms in
the variation of LRS. Without torsion these terms still cancel, but with torsion they yield
particular four-gravitino terms. We put these terms aside for the time being.

Next we use that also the equation of motion for the gravitino should be supercovariant,
so of the form γµρσD̂ρψσ = 0. The reason for this requirement is that field equations rotate
into field equations, so the gravitino equation should rotate into the Einstein equation.
The latter contains two derivatives, and then there are simply no derivatives left for ∂µε

16But the ω in (10.110) is of course not the solution of the field equation for LHE(e, ω)+LRS(e, ψ, ω+ω̂
2 ).

17The explicit form of F̂µνρσ is F̂µνρσ = ∂µAνρσ − κ
2Fψµγ[νρψσ] + 3 cyclic terms. Because the two

gravitinos appear symmetrically, namely as −2κψ̄[µγνρψσ], one needs the factor 1
2 to avoid overcounting.
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terms. Requiring supercovariance of the gravitino field equation gives 5 relations (terms
with 1, 3, 5, 7, and 9 Dirac matrices) between the 6 constants A, ... F .

Now we consider the εψF 2 variations. They come from varying the vielbein fields in
the Maxwell action and they should cancel against the contributions from δψµ ∼ Fε in
the ψψF terms and in the Chern-Simons term. The terms with 9 gamma matrices fix the
coefficient C of the εFFA term if we one uses

εµ1...µ9αβγαβ = 2eγµ1...µ9 (10.114)

where we used that ε0...11 = +1 and γ0γ1...γ11 = I (which fixes the sign of, for example,
γ0).

The actual determination of the 6 constants is tedious, and if one wants to check all
higher-order terms which we did not yet analyze, the algebra is complicated. 18

We conclude that N = 1 D = 10 + 1 supergravity exists. It contains the three
real fields e m

µ , ψµ and Aµνρ. We have used second-order formalism by eliminating ω mn
µ

as an independent field by solving its non-propagating field equation, but a first-order
formulation with an independent ω mn

µ exists [104]. The theory is unique: unlike D = 4
supergravity we cannot add a super cosmological constant in eleven dimensions [101].
Even though the action contains a bare field Aµνρ, one can introduce a dual six-index
antisymmetric tensor gauge field Aµ1...µ6 and write the action in terms of both Aµνρ and
Aµ1...µ6 [105]; however, a formulation with only Aµ1...µ6 does not exist.

10.3 The 2A Supergravity Theory.

Dimensional reduction “on a circle” of N = 1 supergravity in d = 10 + 1 yields 2A
supergravity in d = 9 + 1 dimensions. [106, 107, 108] One drops the dependence of all
fields on the tenth space coordinate, and decomposes the 11-dimensional curved (flat)
vector indices Λ (M) into 10-dimensional vector indices µ (m) and the eleventh index 11
(11). One also decomposes the 32-dimensional spinor index A into two indices α and α̇
for the two inequivalent spinor representations of SO(9, 1), correspoding to left-handed
and right-handed spinors. The eleven-dimensional vielbein EΛ

M is written as

EΛ
M =

(
eµ
m Aµϕ

0 ϕ

)
(10.115)

(We discuss later that eµ
m must be rescaled by a factor ϕ−

1
8 ). All fields eµ

m, Aµ and ϕ are
taken to be dimensionless. Taking Aµϕ instead of Aµ in the off-diagonal term will remove
cross terms with Aµ and ϕ; anyhow, covariance requires this form.19 This triangular

18It is relatively easy to check that D
E = − 1

8 and A
B = 1

12 . In fact [103],

A =

√
2

384
, C =

√
2

36× 96
and D =

√
2

288

19More generally in D = d+ (D − d) dimensions one sets Λ = (µ, α) and M = (m, a), and

E M
Λ =

(
ϕ−

1
d−2 e m

µ A α
µ ϕ a

α

0 ϕ a
α

)



10.3. THE 2A SUPERGRAVITY THEORY. 599

form is obtained as a particular local Lorentz gauge, and fixes the off-diagonal part of the
local Lorentz parameter λMN . (Since infinitesimally δlLE11

m = λm11E11
11 = λm11ϕ for

transformations with λm11, we can choose a finite local Lorentz transformation with λm11

such that E11
m = 0.) Then only the 10-dimensional local Lorentz invariance is left. So

the fields of 2A supergravity are

e m
µ , Aµ, ϕ, Aµνρ, Bµν ≡ Aµν11

ψ α
µL, λ α̇

R = ψ α̇
11 ; ψ α̇

µR, λ α
L = ψ α

11

(10.116)

This is the massless spectrum of the IIA string (with gµν , Bµν , ϕ coming from the NS-NS
sector, and Aµ, Aµνρ from the R-R sector).

The 11-dimensional action produces the 10-dimensional Einstein, Maxwell and Klein-
Gordon actions for e m

µ , Aµ and ϕ, but they are multiplied by extra factors of ϕ

− 1
2κ2
E RΛΠ

MNEM
ΠEN

Λ = − 1
2κ2

(eϕ) [Rµν
mn(Ω(E))em

νen
µ + . . .] (10.117)

where Ω denotes the 11-dimensional spin connection. We used that20

EM
Λ =

(
em

µ −emνAν
0 ϕ−1

)
(10.118)

The spin connection decomposes as

Ωµ
mn(E) = ωµ

mn(e) + . . . (10.119)

and thus we obtain the 10-dimensional Einstein action multiplied by ϕ. To obtain the
standard form of the Einstein action without the factor of ϕ (the action in the “Einstein
frame”), we rescale e m

µ = ẽ m
µ ϕγ where γ is a constant to be determined. Then we obtain

where d is the dimension of the final spacetime (10 in our case) and D− d = E are the extra dimensions
(1 in our case). Then the Einstein transformations with parameter ξα of A α

µ becomes the D − d U(1)
gauge transformations δA α

µ = ∂µξ
α(x). The dimensionally reduced action remains invariant since

δ

∫
ddx dEy ER =

∫
ddx

∫
dEy ∂Λ

(
ξΛER

)
where R is the eleven-dimensional scalar curvature. This expression vanishes because the d dimensional
total derivative ∂µ has no surface term if ξµ(x) is of compact support, and the E dimensional total
derivative ∂α vanishes since all fields and parameters are assumed to be y-independent.

20The expression for EM
Λ is easy to check by direct calculation. However, one may also use that if(

A B
C D

)
=

(
I B
0 D

)(
A−BD−1C 0

D−1C I

)
then (

A B
C D

)−1

=

(
(A−BD−1C)−1 0

−D−1C(A−BD−1C)−1 I

)(
I −BD−1

0 D−1

)
Setting C = 0 yields (

A−1 −A−1BD−1

0 D−1

)



600 CHAPTER 10. SUPERGRAVITIES.

the usual form for the Einstein action (in terms of ẽ and ω, without any factors of ϕ) if
we choose γ appropriately:

10γ − 2γ + 1 = 0 =⇒ γ = −1
8

(10.120)

Thus
e m
µ = ϕ−

1
8 ẽ m
µ (10.121)

Finally we drop the tilde on ẽ. Of course, there are then peculiar powers of ϕ in the other
terms, but we do not work out the details because we shall do so for 2B supergravity.

As expected, one also must rescale the gravitino in order to obtain the standard form
of the gravitino action in d = 10 without factors of ϕ. The gravitino action in eleven
dimensions reads before any rescalings

−E
2

Ψ̄ΛΓΛΠΣDΠΨΣ = −e
2
ϕΨ̄µΓmnrem

µen
νer

ρ∂νΨρ + ... (10.122)

We already determined that we should rescale e m
µ = ϕ−

1
8 ẽ m
µ , but now we need an addi-

tional rescaling of the gravitino to remove factors of ϕ in front of its kinetic term

Ψµ = ψ̃µϕ
β (10.123)

The factors of ϕ cancel in the gravitino action if

2β + 1
8

= 0 =⇒ β = − 1
16
. (10.124)

There are no ∂µϕ terms produced by the rescaling of Ψµ because Ψµ is a Majorana spinor,
and because the ∂µϕ terms produced by the rescaling of the spin connection, cancel.

There are cross terms interactions between Ψµ and Ψ11, but no terms quadratic in
Ψ11 (since ΓΛΠΣ is antisymmetric). One removes the cross terms by shifting Ψµ → Ψµ +
AΓµΨ11, and normalizes the part quadratic in Ψ11 by rescaling of Ψ11. (We do not also
shift Ψ11 → Ψ11 +BΓ ·Ψ because we want to avoid a /Dε term in δΨ11). The result is

L = − e
2
Ψ̄µΓµρσDρ(ω(e))Ψσ − e

2
λ̄ΓµDµ(ω(e))λ+ eCΨ̄µ

/∂ϕ
ϕ

Γµλ (10.125)

where the term with /∂ϕ is due to the rescaling of Ψ11 and the vielbein in the spin con-
nection. We shall not pursue this further since we shall not need it, but the interested
reader may study [106, 107].

The best way to reduce the kinetic term EFΛ1...Λ4F
Λ1...Λ4 to 10 dimensions is to first

use flat 11-dimensional tensors, then to reduce to flat 10-dimensional tensors, and finally
to reconvert to curved 10-dimensional tensors. So we begin with

EFM1...M4F
M1...M4 = E

[(
F

(11)
abcd

)2

+ 4
(
F

(11)
abc 11

)2
]

(10.126)

where the index 11 is flat. (If it is curved we write 11). Then we write this expression in
terms of flat 10-dimensional tensors (so with rescaled tenbeins)

F
(11)
abcd = Ea

ΛEb
ΠEc

ΣEd
PFΛΠΣP = ϕ

4
8 (ea

µeb
νec

ρed
σFµνρσ − 4ea

µeb
νec

ρFµνρ11Ad)

F
(11)
abc11 = ϕ−

5
8 ea

µeb
νec

ρFµνρ11

(10.127)
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Finally we reconvert to curved 10-dimensional curvatures. The result is

EFΛ1···Λ4F
Λ1···Λ4 = eϕ

3
4F ′µνρσ(F ′)µνρσ + 4eϕ−

3
2FµνρF

µνρ (10.128)

where

Fµνρ ≡ 3F[µνρ11] = ∂µAνρ11 + ∂νAρµ11 + ∂ρAµν11 (10.129)

and

F
′

µνρσ = Fµνρσ − 4F[µνρAσ]. (10.130)

Note that Fµνρσ and Fµνρ11 are the components of the curvatures in 11 dimensions, but
they are now contracted with the inverse metric in 10 instead of 11 dimensions.

We claim that the curvatures F ′µνρσ and Fµνρ are invariant under Einstein transforma-
tions with ξ11(x). Let us explain this. The theory in 11 dimensions was invariant under
Einstein (general coordinate) transformations with parameters ξΛ. In 10-dimensions the
invariance under 10-dimensional Einstein transformations with parameters ξµ is manifest,
but, as we proved before, there still should be invariance under the eleventh Einstein trans-
formation with parameter ξ11(x) (with x the 10-dimensional coordinates). The curvatures
Fµνρσ are not invariant, but transform as follows

δ(ξ11)Fµνρσ = ∂σξ
11Fµνρ + 3 terms (10.131)

However, the curvature F ′µνρσ is invariant because the term FµνρAσ transforms as follows

δ(ξ11)FµνρAσ = Fµνρδ(ξ
11)Aσ = Fµνρ∂σξ

11 (10.132)

This transformation rule of Aσ follows from

δ(ξ11)Eµ
11 = ∂µξ

11ϕ = δ(ξ11)(Aµϕ)

δ(ξ11)ϕ = δ(ξ11)E11
11 = 0 (10.133)

The curvature Fµνρ is invariant under ξ11-transformations because it already contains
an 11 index. Hence the transition to flat coordinates has produced curvatures F ′µνρσ and
Fµνρ which are invariant under the U(1) gauge transformations generated by the remaining
Einstein transformations.

The complete 2A supergravity action in d = 9+1 can be laboriously worked out [108].
One needs, for example, to decompose all components of Ω MN

Λ into the 10-dimensional
fields which at first sight seems a lot of work [109]. However, using a property of the
Hilbert-Einstein action which Dirac took as the starting point of his investigations into
the quantization of the gravitational field, one may reduce the algebra significantly. Dirac
noted that, up to a total derivative, one may replace the terms of the form ∂Γ−∂Γ+ΓΓ−
ΓΓ in the action by −(ΓΓ− ΓΓ) (see also Landau-Lifshitz, volume 2, §93). He preferred
this form of the action because it was canonical (no fields with two time derivatives).
Of course Dirac used the formulation with metric and Christoffel symbols, but the same
relation holds for the formulation with vielbeins and spin connections. So we start from
the action

LHE = +
1

2κ2
EEM

ΛEN
Σ
(
ΩΣ

M
KΩΛ

KN − ΩΛ
M
KΩΣ

KN
)

(10.134)
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The spin connections can be expressed in terms of curls of vielbeins, see (10.45)

ΩΛMN = −1
2
HΛMN + 1

2
HΛNM + 1

2
HMNΛ (10.135)

where HMN
R are the anholonomy coefficients21

HMN
R = −EMΛEN

Σ
(
∂ΛEΣ

R − ∂ΣEΛ
R
)

(10.136)

(One sometimes denotes the anholonomy coefficients by ΩMN
R but we reserve the symbol

ΩΛ
MN for the spin connection in 11 dimensions). Substituting (10.135) into (10.134)

yields the Hilbert-Einstein action in terms of anholonomy coefficients

LHE =
1

2κ2
E

[
−1

4
(HMNR)2 − 1

2
HMNRH

MRN +
(
HMN

N
)2
]

(10.137)

Note that HMNR = −HNMR but ΩMNR = −ΩMRN .

To perform the dimensional reduction to ten dimensions we split the index M into
(m, 11). We then need the nonvanishing components of HMNR. From its definition

HMN
R = −EMΛEN

Σ
(
∂ΛEΣ

R − ∂ΣEΛ
R
)

(10.138)

one finds the following nonvanishing components (taking the vielbein rescaling into ac-
count)

Hmnr = −ϕ
1
8 (em

µen
ν) (∂µeνr − ∂νeµr) +

1

8
ϕ

1
8

(
∂mϕ

ϕ
ηnr −

∂nϕ

ϕ
ηmr

)
Hm11r = 0; Hmn11 = ϕ

5
4Fmn; Hm11 11 = −H11m11 = −ϕ

1
8
∂mϕ

ϕ

(10.139)

Substitution into the action yields

LHE = − 1

2κ2
eR(e, ω)− 1

8κ2
eϕ

9
4FµνF

µν − 9

16κ2
e

(
∂µϕ

ϕ

)2

(10.140)

We note that the kinetic terms for the graviphoton Aµ and the graviscalar ϕ have the
correct sign for physical particles, and cross terms of the form (∂A)(∂ϕ) have canceled,
and this was the main reason for the ansatz in (10.115).

One can work out the action for the 2A theory further, but since it has been used
less than the 2B theory or the N = 1 theory in 10 dimensions, we stop here with the 2A
theory, and turn to the N = 1 theory.

21The anholonomy coefficients parametrize the noncommutativity of the anholonomic (flat) derivatives
∂M = EM

Λ∂Λ as follows

[∂M , ∂N ] = EM
Λ
(
∂ΛEN

Π
)
EΠ

R∂R −M ↔ N = HMN
R∂R

In terms of derivatives of vielbeins instead of inverse vielbeins one obtains (10.136).
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10.4 The N = 1 Supergravity Theory.

The N = 1 supergravity theory in d = 9 + 1 is obtained from the 2A theory in d = 9 + 1
by consistent truncation. Truncation means setting some fields to zero, and consistent
means that the supersymmetry (and other gauge) variations of these fields also must
vanish. From a string perspective the truncation is easily described: we set one of the two
Ramond sectors to zero, say the right-moving sector. That leaves us with the NS ⊗NS
sector (e m

µ , Bµν , ϕ) and the R⊗NS sector (ψµL, λR). So we set the following fields equal
to zero

Aµ =
Eµ

11

ϕ
, Aµνρ, ψµR =

1

2
(1− Γc)ψµ; λL =

1

2
(1 + Γc)ψ11 (10.141)

where Γc = Γ11 is the chirality matrix satisfying Γ2
c = I. If we set ψµR = 0, then

consistency with δψµR = ∂µεR + ... requires that we also set εR = 0. Thus we obtain a
chiral theory with N = 1 local supersymmetry: N = 1 supergravity.

We chose the local Lorentz gauge in d = 10 + 1 dimensions which cast the vielbein
in triangular form with E11

m = 0. In principle we should then add compensating local
Lorentz terms to the 11-dimensional supersymmetry transformations rules, and thus also
to the 10-dimensional laws, in order to maintain this gauge. One indeed needs such terms
in 2A supergravity, but, remarkably, they are not needed in the N = 1 theory. To see
this note that consistency of E m

11 = 0 requires

δE m
11 = κ

2
ε̄Γmψ11 + Λm

11E
11

11 = 0 (10.142)

where Λm
11 is defined by this equation. However, in the N = 1 theory

ε̄Γmψ11 = ε̄γmλ = ε̄Lγ
mλL + ε̄Rγ

mλR = 0 (10.143)

because εR = 0 and λL = 0. (We denote the Dirac matrices in d = 9 + 1 by γm but
they are the same as Γm). Thus there are no compensating local Lorentz transformations
needed, and we can obtain the d = 9 + 1 local supersymmetry transformation rules from
the d = 10 + 1 rules by mere dimensional reduction. The consistency of setting E 11

µ and
Aµνρ to zero can now be checked

δE 11
µ =

κ

2
ε̄Γ11ψµ =

κ

2
ε̄γ11ψµ =

κ

2
ε̄ψµ = 0

δAµνρ = ε̄γ[µνψρ] = 0 (10.144)

Thus the supervielbein is diagonal in the N = 1 theory

EΛ
M =

(
ϕ−

1
(d−2) eµ

m 0
0 ϕ

)
(10.145)

For the consistency of setting ψµR and λL to zero one needs the following relations which
are a direct consequence of the truncation (use (10.45))

Ω11
mn = Ωµ

11n = Ω̂11
mn = Ω̂µ

11n = Fµνρσ = F̂µνρσ = 0 (10.146)

Thus all components of the connection Ω̂ with one index 11 vanish.
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To decompose the Einstein action one needs (d = 10, use again (10.45))

Ω mn
µ (E) = Ω mn

µ (e)− 1

d− 2

(
e m
µ e n

ν − e n
µ e

m
ν

) ∂νϕ
ϕ

(10.147)

Ω 11n
11 = ϕ

1
(d−2) enµ∂µϕ (10.148)

We can just take the results of the previous section for 2A supergravity and truncate to
N = 1 supergravity. The final result is that one finds the canonical Einstein action plus
a physical scalar (d = 10)

− 1

2κ2
ER (E, Ω(E)) = − 1

2κ2
eR (e, ω(e))− 1

2

(
d− 1

d− 2

)(
∂µϕ

ϕ

)2

. (10.149)

In the fermionic sector we must

� rescale ψµ = ψ̃µϕ
− 1

16 .

� shift ψ̃µ = ψµ + 1
8
γµΨ11ϕ

− 17
16 to diagonalize the spinor action.

� rescale Ψ11 = 2
3

√
2ϕ

17
16λ to obtain the canonical (Dirac) form for λR. (We do not

shift Ψ11R → Ψ11R + Aγ · ψL where A is a constant, because we want to avoid a
/DεL term in δλR.)

The final action of N = 1 supergravity in d = 9 + 1 reads then, up to four-fermion terms
which are given in [110],

L(N = 1, d = 9 + 1) = − e

2κ2
R(e, ω(e))− e

2
ψµγ

µρσDρ(ω(e))ψσ −
1

12
eϕ−

3
2F 2

µνρ

− 9

16
e

(
∂µϕ

ϕ

)2

− 1

2
eλ̄γµDµ(ω(e))λ− 3

8

√
2eψµ

(
/∂ϕ

ϕ

)
γµλ

+

√
2

16
eϕ−

3
4Fαβγ

[
ψµγ

µαβγνψν + 6ψ
α
γβψγ −

√
2ψµγ

αβγγµλ
]

(10.150)

where
Fµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν ; Bµν = Aµν11 (10.151)

To obtain all susy transformation rules in canonical form one must rescale the local
supersymmetry parameter the same way as the gravitino

ε = ϕ−
1
16η (10.152)

We must also add a field-dependent 10-dimensional local Lorentz transformation

δQ(η, d = 9 + 1) = δQ(ε, d = 10 + 1) + δlL

(
λmn = −

√
2

24
κηγmnλ

)
(10.153)

Recalling that Eµ
m = ϕ−

1
8 eµ

m we find then

δϕ

ϕ
= −κ

2
η̄Ψ11 ; δeµ

m =
κ

2
ηγmψµ. (10.154)
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The local Lorentz transformation has compensated the shift ψµ → ϕ−
1
16

[
ψ̃µ + 1

8
γµΨ11

]
,

and the transformation for ϕ which one needs in

ϕ
1
8 δeµ

m = δẽµ
m − 1

8

δϕ

ϕ
(10.155)

to obtain (10.154) agrees with the result from dimensional reduction, namely

δϕ = −2

3

√
2ηλϕ (10.156)

The transformation rules of ψµ, Bµν and λ can be found in [108].

10.5 Super Yang-Mills Theory in Ten Dimensions.

The open string has as massless spectrum one vector field and one real chiral spinor,
each describing eight states. In the covariant approach the corresponding fields are a
real vector and a real chiral spinor in 9 + 1 dimensions. This suggests that there exists
in ten-dimensional Minkowski spacetime a rigid supersymmetric field theory with one
Yang-Mills field A a

µ and one Majorana-Weyl spinor field χa. Since the gaugino χ is the
supersymmetric partner of the gauge field Aµ, the gaugino must transform in the adjoint
representation of the gauge group. Thus, we expect that the following action in flat space
is invariant under rigid supersymmetry transformations

LYM = −1

4
(Fµν

a)2 − 1

2
χ̄aγµ (Dµχ)a (10.157)

with

Fµν
a = ∂µAν

a − ∂νAµa + gfabcAµ
bAν

c

(Dµχ)a = ∂µχ
a + gfabcAµ

bχc (10.158)

The Majorana-Weyl condition on χ is given by

χ̄a = (χa)†iγ0 = (χa)TC ; γcχ = χ (10.159)

where γc is the chirality matrix satisfying γ2
c = I and γ†c = γc. Since in 9 + 1 dimensions

one can construct a real representation for the Dirac matrices, the charge conjugation
matrix C is proportional to γ0 in this representation. Since the properties of C do not
depend on the particular representation chosen, we have for any representation

CT = −C CγµC−1 = −(γµ)T (10.160)

We shall use a general representation below.
The rigid supersymmetry transformation laws are given by

δA a
µ =

1

2
ε̄γµχ

a δχa = −1

4
γµνF a

µν ε γµν ≡ 1

2
[γµ, γν ] (10.161)

These are the laws for rigid super Yang-Mills theory in four-dimensional Minkowski space,
and they are the same in ten dimensions as we now show.
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The variation of the Yang-Mills action yields (up to total derivatives)

δLYM = −(F µν a)(DµδAν)
a = (DµF

µν)a 1
2
(ε̄γνχ

a) (10.162)

We have used the fact that the variation of a curvature is equal to the covariant curl of
the variation of the gauge field, and since there are four terms with A a

µ in the Maxwell
action, the factor 1

4
in (10.157) is canceled. Of course, the supersymmetry variation of

LYM is proportional to the Yang-Mills field equation because any variation produces the
field equation according to the Euler-Lagrange variational principle.

The variation of the gaugino action consists of terms due to varying the two gauginos,
and a term due to varying the field A a

µ inside (Dµχ)a. We begin with the former; the
latter has a surprise waiting. The variation of χ̄a in the action gives the same result as
the variation of χa because the Yang-Mills covariant derivative Dµ commutes with the
constant Dirac matrix γµ. Hence

δLχ = −χ̄aγµDµδχ
a = −χ̄aγµDµ

(
−1

4
γρσF a

ρσ ε

)
=

1

4
(χ̄aγµγρσε)

(
DµF

a
ρσ

)
(10.163)

Using some Dirac technology

γµγρσ = ηµργσ − ηµσγρ + γµρσ (10.164)

(where γµρσ is the totally antisymmetric part of γµγργσ) we find

δLχ =
1

2
(χ̄aγσε)DρF a

ρσ +
1

4
(χ̄aγµρσε)DµF

a
ρσ (10.165)

The first term cancels the variation of the Yang-Mills action because χ̄aγσε = −ε̄γσχa,
and this checks the relative constants in δA a

µ and δχa. The second term vanishes due to
the Bianchi identity

DµFνρ +DνFρµ +DρFµν = 0 (10.166)

Hence, the sum of the Yang-Mills and Dirac actions for the gauge field A a
µ and the

gaugino χa is indeed invariant under rigid supersymmetry provided we can show that the
remaining variation cancels be itself. This is the variation of A a

µ inside (Dµχ)a, and its
variation yields

δA

(
−1

2
χ̄aγµ (Dµχ)a

)
= −1

2
χ̄aγµ

(
gfabcδA

b
µ χ

c
)

= −1

2
(χ̄aγµχc) gfabc

(
1

2
ε̄γµχ

b

)
(10.167)

We now prove a remarkable identity of Dirac matrices in ten dimensions:

fabc
(
χ̄aγµχb

)
(γµχ

c) = 0 (10.168)

(A similar identity holds in 3, 4 and 6 dimensions.) To prove it we use the so-called
Fierz22 rearrangement identity [51](

χ̄aMχb
)
Nχc = − 1

32

∑
J

(
χ̄aOJχc

) (
NOJMχb

)
(10.169)

22Markus Fierz was a student of Pauli who succeeded him as professor of physics in Zürich.
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where M and N are arbitrary matrices and OJ is any complete set of 32× 32 matrices in
ten-dimensional spinor space normalized to

trOIOJ = 32δIJ (10.170)

We choose the OJ proportional to the set of all products of Dirac matrices, which forms
indeed a complete set

OJ = {I, γµ, γµν , γµνρ, γµνρσ, γµ1...µ5 , γµ1...µ6 , ... , γchiral} (10.171)

(To satisfy (10.170) one must multiply these matrices by suitable constants, but we shall
not need these constants). Because in our case the gauginos are chiral,

γcχ
a = χa (10.172)

the contributions from the set with 6 up to 10 Dirac matrices doubles the contribution
from the set with none up to five Dirac matrices. This is the first simplification and will
produce a factor 2 in the final result. Next we note that in χ̄aOJχc only the matrices
OI = {γµ, γµρσ, γµρστη} contribute because both χ̄a and χc are chiral. For example, since
χ = 1

2
(1 + γc)χ and thus χ† = χ†(1 + γc), we have

χ̄aχc = χ̄a
[(

1 + γc
2

)
χc
]

= (χa)†
(

1 + γc
2

)
iγ0χc = χ̄a

(
1− γc

2

)
χc = 0 (10.173)

where we first used the chirality of χc and then that of χ̄a. But χ̄aγµρσχc is symmetric in
a and c:

χ̄aγµρσχc = −χc,Tγ[σ,Tγρ,Tγµ,T ]CTχa

= −χ̄cγσρµχa = χ̄cγµρσχa (10.174)

hence these terms vanish when contracted with fabc. So we are down to the set OI =
{γµ, γµνρστ}. The factor NOJMχb in (10.169) is equal to γµOJγµχ

b. Now comes another
remarkably useful identity ∑

λ

γλγµνρστγλ = 0 (10.175)

(In four dimensions we have a similar identity: γλγµνγλ = 0.) The proof is easy: for fixed
values of (µ, ν, ρ, σ, τ) there are five ways of choosing the index λ outside this set, and
another five ways of choosing λ equal to one of the indices (µ, ν, ρ, σ, τ). If λ is different
from (µ, ν, ρ, σ, τ) one obtains

γλγµνρστγλ = −γµνρστ (10.176)

but if λ is equal to any one of (µ, ν, ρ, σ, τ) one obtains

γλγµνρστγλ = +γµνρστ (10.177)

So we obtain
(−5 + 5)γµνρστ = 0 (10.178)
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We conclude that we only need to retain the matrices OI = {γρ} in (10.169), and then
the Fierz rearrangement identity for (10.168) reduces to

fabc
(
χ̄aγµχb

)
(γµχ

c) = fabc 2 · −1

32
(χ̄aγρχc)

(
γµγργ

µχb
)

= +fabc
1

2
(χ̄aγρχc)

(
γρχ

b
)

(10.179)
The factor 2 comes from the terms with nine Dirac matrices (we discussed this doubling
due to the chirality of χ), and we used

γµγργ
µ = −8γρ (10.180)

So the remaining variations are equal to −1
2

themselves, which proves that they cancel.
This proves that super Yang-Mills theory exists in ten dimensions.

The identities we used have counterparts in d = 3, 4, 6, and there also exists similar
(but different) identities in d = 11. There is one remaining issue to be dealt with: the
overall normalization of δA a

µ and δχa. In the supergravity theories we discussed before
we found that the gauge algebra has the form

[δ(ε1), δ(ε2)] eµ
m = δE(ξν)eµ

m + δSUSY (−κξνψν)eµm + δlL(ξνων
mn + ...)eµ

m (10.181)

with
ξν = 1

2
ε̄2γ

νε1 (10.182)

In the limit of rigid supersymmetry in flat superspace we should thus find

[δ(ε1), δ(ε2)]A a
µ = ξν∂νA

a
µ ξν = 1

2
ε̄2γ

νε1 (10.183)

Let us evaluate this commutator using (10.161)

[δ(ε1), δ(ε2)]A a
µ =

1

2
ε̄2γ

µ

(
−1

4
γρσF a

ρσ ε1

)
− 1↔ 2

= −1

8
(ε̄2γ

µγρσε1)F a
ρσ +

1

8
(ε̄1γ

µγρσε2)F a
ρσ (10.184)

Using again (10.164) we find terms with ε̄2γ
σε1 and terms with ε̄2γ

µρσε1. The latter are
symmetric in ε1 and ε2 as we showed in (10.174)

ε̄2γ
µρσε1 = ε̄1γ

µρσε2 (10.185)

Hence only the terms with ε̄2γ
σε1 contribute, and we find

[δ(ε1), δ(ε2)]Aµ
a = −1

2
(ε̄2γ

σε1)F a
µσ (10.186)

At first sight this does not look like a translation ξσ∂σA
a
µ , but if we decompose the

curvature as follows
−ξσF a

µσ = ξσ∂σA
a
µ −Dµ (ξσA a

σ ) (10.187)

the translation appears. The second term on the right-hand side is a gauge transformation
with parameter −ξσA a

σ . Such terms with gauge transformations usually occur if fields
transform under an internal gauge group, and the reason we did not encounter them
before is that the vielbein does not transform under an internal gauge group. In fact, it
transforms under the local Lorentz group, and the term δlL(ξνω mn

ν ) in the local gauge
algebra plays the same role as the term δgauge(−ξσA a

σ ) we have found in the rigid algebra.
If one couples super Yang-Mills theory to supergravity, the rigid parameter ε becomes
local, and, not surprisingly, one finds terms δgauge(−ξνA a

ν ) on the right-hand side in the
local gauge algebra. We now turn to this coupling.
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10.6 Maxwell-Yang-Mills-Einstein Supergravity.

The N = 1 supergravity theory can be coupled to the N = 1 super Yang-Mills theory.
A special case, first studied, is the coupling to the abelian matter model, super Maxwell
theory. The order-by-order in κ Noether method was used, and all tricks and experience
gained from similar studies in d = 4 are needed in this d = 10 case. However, a new
feature is encountered, having to do with the gauge invariance of the Maxwell and Yang-
Mills field Aµ. In the Maxwell case the action contains the square of a modified curvature
F ′µνρ of the supergravity field Bµν (= Aµν11)

F ′µνρ = Fµνρ − κ
√

2

2
A[µFνρ] (10.188)

The last term is needed for the local supersymmetry of the action. The curvature is
invariant under the gauge transformation δBµν = ∂µΛν −∂νΛµ, but it seems that it is not
invariant under the Maxwell transformation δAµ = ∂µΛ. This is disturbing because loss
of gauge invariance would imply the appearance of new degrees of freedom which would
upset the Bose-Fermi matching of the numbers of states. However, we found already
earlier a curvature with a similar structure: in the 2A theory, dimensional reduction from
the d = 11 theory to the d = 10 theory produced curvatures in d = 10 of the form

F ′µνρσ = Fµνρσ − 4F[µνρAσ] (10.189)

which were invariant under Einstein transformations with parameters ξ11(x). This ξ11(x)
became a Maxwell parameter such that δAµ = ∂µξ

11(x), and then F ′µνρσ turned out to be
invariant. Recall that

δ(ξ11)Fµνρσ = ∂µξ
11F11 νρσ + 3 terms (10.190)

while
δ(ξ11)Fµνρ = ∂µξ

11F11 νρ + 3 terms = 0 (10.191)

since F11 νρ contains two 11 indices (Fµνρ is the curl of Aµν and Bµν = Aµν 11). Although
the curvature in (10.188) is not obtained from 11 dimensions by dimensional reduction,
we can still follow the same steps to obtain Maxwell invariance

δ(Λµ)Bµν = ∂µΛν − ∂νΛµ =⇒ δ(Λµ)F ′µνρ = 0 (10.192)

δ(Λ)Aµ = ∂µΛ

δ(Λ)Bµν = κ
√

2
2
FµνΛ

}
=⇒ δ(Λ)F ′µνρ = 0 (10.193)

So, the new feature is that Bµν transforms into a curvature (Fµν).
In the nonabelian case one might expect that one should replace the Maxwell field

Aµ by the Yang-Mills field Aµ
a and the Maxwell parameter Λ by the Yang-Mills param-

eter Λa. This would yield a term A[µ
aFνρ]

a in F ′µνρ. However, under nonabelian gauge
transformations one now finds a term that is left-over

δ(Λa)F ′µνρ = ∂[µ

(
κ

√
2

2
Fνρ]

aΛa

)
− κ
√

2

2

(
D[µΛa

)
Fνρ]

a = ∂[µFνρ]
aΛa (10.194)
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In the abelian case this term vanishes due to the Bianchi identity, but in the nonabelian
case we would need D[µFνρ]

a instead of ∂[µFνρ]
a.

The resolution of this connundrum brings in a geometrical object whose presence
was already heralded by the Chern-Simons-like but still abelian εFFA term in d = 11.
Namely, we need now a genuine nonabelian Chern-Simons term

F ′µνρ = Fµνρ − κ
√

2

2

(
A[µ

aFνρ]
a − 2

3
gfabcA[µ

aAν
bAρ]

c

)
(10.195)

where g is the Yang-Mills coupling constant. One can now obtain the coupling to super-
symmetric Yang-Mills matter by replacing the AµFνρ terms by the corresponding Chern-
Simons terms in the coupling to supersymmetric Maxwell matter, and covariantizing
w.r.t. the nonabelian gauge symmetry (adding indices a, replacing ∂µ by Dµ, making the
transformation rules supercovariant).

An interesting side remark concerns the invariance of F ′µνρ under finite Yang-Mills
gauge transformations. Under A′µ = U−1(∂µ +Aµ)U the Chern-Simons term transform as
follows (always antisymmetrizing in µνρ)

tr

[
AµFνρ −

2

3
AµAνAρ

]′
= tr

[
AµFνρ −

2

3
AµAνAρ

]
− 2∂ρ tr

(
∂µUU

−1Aν
)

− 2

3
tr
[(
U−1∂ρU

) (
U−1∂µU

) (
U−1∂νU

)] (10.196)

To cancel this variation by a suitable variation of Bµν it should be a total ∂ρ derivative,
but (using forms) the term with tr (U−1dU)3 does not seem to be a total d derivative.
However, tr (U−1dU)3 is closed

d tr (U−1dU)3 = 0 (10.197)

because tr (h−1dh)4 vanishes (cyclicity of the trace and anticommutativity of one-forms
yields trh−1dh(h−1dh)3 = − tr (h−1dh)3h−1dh). Hence tr (h−1dh)3 is, after all, a total
derivative of a nonlocal expression, and thus one can also for finite Yang-Mills gauge
transformation find a suitable transformation law for Bµν such that F ′µνρ is gauge invariant.

Let us finally make a few comments about the construction of the coupling terms in
the action. Starting from the flat-space supersymmetric Yang-Mills action, we find ∂µη
terms in the variation of the action under supersymmetry transformations with a local
supersymmetry parameter η(x). These can, as always, be removed by adding a term to
the action which is the product of the gravitino and the Noether current

δL = −Dµ(δAν
a)F µν,a − χ̄aγµ

(
−1

4
γρση

)
(DµFρσ

a) +
1

4
(χ̄aγµγρσ∂µη)Fρσ

a

=
1

4
(∂µη̄γ

ρσγµχa)Fρσ
a (10.198)

LNoether = −κ
4

(
ψ̄µγ

ρσγµχa
)
Fρσ

a (10.199)

The Noether current jµ = 1
4

(γρσγµχa)Fρσ
a is on-shell conserved.

Next we covariantize the flat space action and transformation rules w.r.t. gravity
(both w.r.t. Einstein and w.r.t. local Lorentz symmetry; for example, by adding the
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spin connection ωµ
mn(e) in the Dirac action). A (at first sight) serious complication is

the presence of the dilaton field ϕ; since κϕ is dimensionless, we expect nonpolynomial
behavior of the sort we already encountered in the N = 1 supergravity (recall the rescaling

with factors ϕ−
1
8 ). However, there are arguments that one can always remove the Yang-

Mills gauge coupling in string theory by a rescaling of the dilaton field. Turning this
argument around, we can fix the nonpolynomial behavior in ϕ by requiring that only
particular dimensionless combinations of κ, g and ϕ occur. Since their mass-dimensions
are given by

[κ] = −4; [ϕ] = 0; [g] = −3 (10.200)

the combination g4/κ3 is dimensionless, and the particular dimensionless combination
that occurs in the action is

α =
g4ϕ2

κ3
(10.201)

Let us now first write down the final action and then comment on its structure, and
on the field redefinitions which were needed to arrive at this final result

e−1LN=1 = − 1

2κ2
R− 1

4g2φ
(Fµν

a)2 − 1

κ2

(
∂µφ

φ

)2

− 3κ2

8g4φ2

(
F ′ new
µνρ

)2

− 1

2
ψ̄µγ

µρσDρψσ −
1

2
λ̄γµDµλ−

1

2
χ̄γµDµχ

− 1√
2

(
ψ̄µγ

νγµλ
)(∂νφ

φ

)
+

κ2

16g2φ
(χ̄aγµνρχa)Hµνρ

− κ

g
√
φ
χ̄γµγνρ

{
ψµ +

√
2

12
γµλ

}(
Fνρ + F̂νρ

)
+

κ2

16g2φ

[
ψ̄µγ

µνρστψτ + 6ψ̄νγρψσ −
√

2ψ̄µγ
νρσγµλ

]
F̂ new
νρσ + (Fermi)4

(10.202)

To arrive at this result we rescaled

Aold
µ = 1

g
Anew
µ (standard procedure) (10.203)

ϕ = φ
4
3 ; Bold

µν =
κ√
2g2

Bnew
µν (10.204)

� The rescaling of ϕ ensures that the kinetic term for φ has the standard normalization.
(Recall that we found previously in (10.140) a factor 9

16
).

� The combination ψµ +
√

2
12
γµλ which we already encountered in the Kaluza-Klein

reduction from d = 11 to d = 10 enters in the Noether coupling.

� The particular rescaling of Bµν is needed to extract an overall factor from F ′µνρ

F ′new
µνρ =

κ√
2g2

(
F new
µνρ −

{
Aµ

aFνρ
a − 2

3
AµAνAρ

})
(10.205)

The term −3
4
eϕ−

3
2F 2

µνρ in (10.150) becomes then −3
8
κ2

g4φ2
(F ′ new

µνρ )2 in (10.202) and

this reveals that α = g4φ2

κ2
.
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� g and φ only occur in the combination g2φ. Thus, instead of a one-parameter
family of theories with dimensionless parameters λ = g4

κ3
and, on the other hand,

the vaccuum expectation value 〈φ〉 of φ, we only have a single theory with a one-
parameter family of vacuum states!

In string theory, there is also the string tension α′, but again it is not a free parameter,
but it is fixed in terms, of g and κ by

κ =
g2

α′
(type I string theory) (10.206)

κ = g2α′ (heterotic string theory) (10.207)

Hence, in string theory there are really no adjustable dimensionless constants: string
theory is in this sense unique!

10.7 2B Supergravity.

Whereas we obtained 2A supergravity in d = 10 by dimensional reduction of d = 11
supergravity, using a small circle as internal space and keeping only the massless modes
in the Fourier expansion, the 2B supergravity theory cannot be obtained from a super-
gravity theory in d ≥ 11, as far as known. It has been proposed [111] that there exists a
12-dimensional theory which when compactified on the two-torus T2 would give type IIB
string theory. This theory is called F-theory, but only some limits and some compactifi-
cations of this theory are known [112, 113, 114]. The particle content for 2B supergravity
was given long ago by Nahm [115], and can also be obtained easily from the spectrum
of the free closed spinning string. In the two NS sectors we find massless vectors with
transverse vector indices i = 1, 8, and in the two R sectors we find massless spinors, which
for 2B supergravity are in the same spinor representation of SO(8), with spinor indices
α, β = 1, 8. Thus the massless spectrum has the form

(|i〉 ⊕ |α〉)⊗ (|j〉 ⊕ |β〉) (10.208)

This yields the following real bosonic fields

NS-NS: g((ij)) B[ij] δijϕ
35 28 1

R-R: CαβA (Cγij)αβ Aij
(
Cγijkl

)
αβ
Asd
ijkl

1 28 35

(10.209)

where (( )) denotes the symmetric traceless part, [ ] denotes the antisymmetric part,
and Cαβ is the charge conjugation matrix in d = 8. The superscript sd means taking the
selfdual part of Aijkl in d = 8. As we shall explain, this corresponds to a selfdual curvature
in d = (9, 1). There are clearly 64 states in the NS-NS sector and another 64 states in the
R-R sector. We thus expect the following 128 real bosonic fields for the covariant d = 10
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formulation of 2B supergravity

eµ
m (vielbein); ϕ (dilaton)

Bµν = −Bνµ; A (axion)

Aµν = −Aνµ
Aµνρσ selfdual (10.210)

In addition one obtains the following Majorana-Weyl spinors

NS-R ψβ,1(i) γiψβ,1i ≡ λβ,1

56 8

R-NS ψα,2(j) γjψα,2j ≡ λα,2

56 8


the dilatinos are

clearly antichiral if
the gravitinos are chiral

The notation (i) means taking the gamma traceless part: γiψ(i) = 0. For the covariant
description we expect thus two real chiral gravitinos with 16 spinor components A = 1, 16,
and two real antichiral dilatinos also with 16 spinor components

ψA,Iµ

µ = 0, 9
A = 1, 16
I = 1, 2

two real chiral gravitinos
with 2× (8− 1)× 16

2
= 112 states

λA,I
A = 1, 16
I = 1, 2

two real antichiral dilatinos
with 2× 16

2
= 16 states

The notation 16
2

is used to recall that the number of states for a spinor is half the number
of spinor components.

So there are equal numbers of states: 128 bosonic and 128 fermionic states. (Physical
states for eµ

m are symmetric, transversal and traceless, while for ψµ they are transversal
and “gamma-traceless”.) The fields eµ

m, Bµν and ϕ could have been produced by dimen-
sional reduction of the eleven-dimensional vielbein and Aµνρ field, but in the context of
supergravity the origin of A,Aµν and Aµνρσ is a mystery.23

For the field Aijkl the light cone gauge reads A+ijk = 0. The selfduality of the curvature
Fµνρστ in the covariant formulation implies the selfduality of Aijkl in the light cone gauge
A+ijk = 0, see chapter 3

F+ijkl = ∂+Aijkl = ∗F+ijkl

=
1

4!
ε+ijkl−i′j′k′l′

(√
−g g−+gi

′i′′ · · · gl′l′′
)
F+i′′j′′k′′l′′

=
1

4!
∂+

[
ε+ijkl−i′j′k′l′

(√
−g g−+gi

′i′′ · · · gl′l′′
)
Ai′′j′′k′′l′′

]
=

1

4!
∂+

(√
−g8 εijkli′j′k′l′A

i′j′k′l′
)

= ∂+
∗Aijkl .

(10.211)

23Also the origin of two gravitinos (and two dilatinos) with the same chirality is a mystery. Speculations
exist of a theory in 10+2 dimensions, with two time coordinates, which, upon reduction to 9+1 dimensions
by using a (1, 1) torus as internal space, yields 2B supergravity. In (10, 2) dimensions one can define
Majorana-Weyl spinors (they exist in all (10− p, 2− p) spaces) with 32 real components, enough to give
the two real gravitinos and two real dilatinos in d = (9, 1). However, one would need an unusual (and
unknown) Weyl condition for the two gravitinos to acquire the same chirality in d = 10. Also, it is not
clear how to fit the field Aµνρσ into such a scheme.
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The selfduality relation for F+−ijk = ∂+A−ijk can be solved to express A−ijk nonlocally in
terms of Fijklm, and then the selfduality relations for F−ijkl and Fijklm are also satisfied.
Because of the selfduality of the curvature, no simple Lorentz-covariant action is known
for this model. One can write down an action in Hamiltonian form which treats the space-
and time-coordinates differently, but this Lorentz-noncovariance leads to complicated ex-
pressions. A Lorentz-covariant but nonpolynomial action exists (one must divide by a
scalar field) but it is difficult to calculate with it. One can, however, write down an action
for this model which is simple and manifestly Lorentz-invariant, and which gives all field
equations except the selfduality constraint.[116] The latter is viewed as a field equation
which one must supply by hand. This is the approach we will follow. An alternative
would be to derive only the field equations, but the action we construct produces all these
field equations (except the duality constraint), so that the integrability conditions of the

field equations, δ
δϕ1

(
δS
δϕ2

)
= δ

δϕ2

(
δS
δϕ1

)
, are automatically satisfied. (Of course this action

is not supersymmetric because the number of bosonic states is larger than the number
of fermionic states. To obtain equal numbers one needs the selfduality constraint. So to
construct the local susy transformation rules we can only use the on-shell fields. This
we shall do later. The action we construct should only be viewed as a concise way of
displaying some of the field equations.)

There are, actually, two approaches to 2B supergravity, the first one based on the coset
SU(1, 1)/U(1) for the two spin zero fields ϕ and A, and the other one based on the coset
Sl(2, R)/SO(2).24 The groups Sl(2, R) and SU(1, 1) are of course isomorphic (just as the
groups SO(2) and U(1)) but in the former one works with real fields while in the latter
with complex fields, and each approach has its own advantages. In GSW volume 2 section
13.1.2 the SU(1, 1) approach is discussed, while in Polchinski volume 2 section 12.1 the
Sl(2, R) approach is followed. The final result for the action is very simple in the Sl(2, R)
approach. We therefore first quote the result for the action in the Sl(2, R) approach,
actually two expressions for the action, one in the Einstein frame and another in the
string frame. The action in the Einstein frame displays the Sl(2, R) symmetry25 which
mixes fields from the NS-NS sector and the R-R sector, whereas the action in the string
frame explains the dependence on the dilaton field. Then we discuss a derivation of the
action and local supersymmetry transformation rules which uses the SU(1, 1) approach.
Why the bosonic part of the action should have a rigid Sl(2, R) symmetry, and why the
spin zero fields should parameterize the coset Sl(2, R)/SO(2) will be explained later.

To display the rigid Sl(2, R) invariance of the action, it is useful to combine the two
2-forms B2 and A2 into a real two-component vector

hi2 =

(
B2

A2

)
, dhi2 ≡ H i

3 =

(
dB2

dA2

)
≡
(
B3

F3

)
(10.212)

Furthermore, the dilaton and axion are combined into a complex “modulus” τ as follows

τ = A+ ie−ϕ (10.213)

24In open string theory, the Sl(2, R) transformations δσ = aσ+b
cσ+d with real a, b, c, d satisfying ad−bc = 1

map the boundary of the string worldsheet (τ = 0 and −∞ < σ <∞) onto itself.
25The Sl(2, R) symmetry of the 2B supergravity action is the low-energy part of an exact Sl(2, Z)

symmetry of string theory with branes. In particular, the Sl(2, R) transformation τ ′ = − 1
τ corresponds

to a weak-strong coupling constant duality.
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This parameter τ plays a central role in modular transformations of string theory. Since
the modular transformations also form a group Sl(2, R), it seems a good strategy to
introduce the field modulus τ , and indeed it will turn out to be very useful for the
construction of the action. The action for the bosonic fields in the Einstein frame26 can
be written as follows

LEbos =
√
−g
[
− 1

2κ2
R− 1

2.3!
H i
µνρMijH

µνρ,j +
1

4
tr
[
(∂µM)(∂µM−1)

]
− 1

2.5!
(F̃µνρστ )

2

]
− ακεijεµ1..µ4µ5..µ7µ8..µ10Aµ1..µ4H i

µ5..µ7
H j
µ8..µ10

(10.214)

where α is a constant to be fixed. Here F̃ is a curvature modified by adding Chern-
Simons-like terms

F̃5 = F5 − β
2
A2 ∧B3 + β

2
B2 ∧ F3 + fermions = F5 + β

2
εijh

i
2 ∧H

j
3 + fermions

fermions = κaψ̄[µγνρσψτ ] + κbλ̄γµνρστλ (10.215)

with β, a, b other constant to be fixed, and27

H i
µνρ =

(
∂µBνρ + 2 terms
∂µAνρ + 2 terms

)
; Mij =

1

Im (τ)

(
|τ |2 Re (τ)

Re (τ) 1

)
(10.216)

The ψ̄ψ terms make F̃5 supercovariant and this fixes a, but the coefficient b of the λ̄λ
term can only be fixed once the λ field equation is known. We normalize F5 to Fµνρστ =
∂µAνρστ + 4 terms, so that all kinetic terms have the canonical normalization 1

2
q̇2. (The

normalization of the term tr∂µM∂µM−1 will be discussed shortly.) The need for the
extra terms in F̃5 will become clear from the consistency of the field equation and duality
constraint of the field Aµνρσ.

Let us first discuss the Sl(2, R) invariance of this action. The usual transformation
law of τ in string theory is τ ′ = aτ+b

cτ+d
where mi

j = ( a bc d ) is an Sl(2, R) matrix (real a, b, c, d
satisfying ad − bc = 1). The matrix Mij is also an Sl(2, R) matrix (detM = 1 as one
easily checks), and it transforms as M′ = mMmT . Thus the transformation rules are
given by

τ ′ =
aτ + b

cτ + d
; H ′3 = (mT )−1H3; M′ = mMmT , m =

(
a b
c d

)
(10.217)

The vielbein and Aµνρσ are by definition Sl(2, R) inert28. The invariance of the terms
HMH and tr∂M∂M−1 in the action is obvious because after a Sl(2, R) transformation
the matrices m cancel. The modified curvature F̃5 is Sl(2, R) invariant because dA4 is
inert and also εijh

i
2 ∧H

j
3 is invariant because εij is an invariant tensor of Sl(2, R)

mi
i′mj

j′εi′j′ = εij (10.218)

26An action is said to be in the Einstein frame if the Einstein action has the form
√
−gR(g) without

extra dilaton factors.
27Polchinski finds −Re (τ) in Mij but we find + Re (τ).
28This is true for the vielbein in the Einstein frame, but not for the vielbein in the string frame.
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Finally, also the Chern-Simons-like term εijA4 ∧H i
3 ∧H

j
3 is invariant for the same reason.

One way to derive the transformation rule of M is by straightforwardly substituting

τ ′ =
aτ + b

cτ + d
(10.219)

in all entries ofM.29 However, a much simpler and nicer way to understand the structure
of M and its transformation rule is to view M as a metric in two extra dimensions and
to write it as usual as a product of two vielbein fields. This we do later, but first we
continue with the Sl(2, R) invariance of the theory in the Einstein frame.

The self duality constraint is given by

F̃5 = ∗F̃5 (10.220)

and since F̃5 is Sl(2, R) invariant, also this constraint is Sl(2, R) invariant. Note that F̃5

is independent of the metric and ∗F̃5 is invariant under Weyl rescalings g′µν = eλ(x)gµν of
the metric, so that the self duality constraint is the same whether one uses as metric gµν
or g

(S)
µν = eϕ/2gµν (the latter is the metric in the string frame). This will be used below.
The constants α and β are related by the field equation for Aµνρσ and the duality

constraint. The field equation for Aµνρσ reads

1
4!
Dµ

√
−gF̃ µνρστ = 2ακενρστ......B...F... (10.221)

The self duality equation reads F̃5 = ∗F̃5, or more explicitly

√
−gF̃ µνρστ = 1

5!
εµνρστ αβγδεF̃αβγδε (10.222)

and substituting this relation into the field equation for Aνρστ one obtains

1
4!

1
5!
εµνρστ αβγδεDµF̃αβγδε = 2ακενρστµαβγδεBµαβFγδε (10.223)

Recalling that F̃αβγδε = (∂αAβγδε− 3
5
β
2
A[αβ∂γBδε] + 3

5
β
2
B[αβ∂γAδε]) + 4 cyclic terms, we see

that the terms with Aµνρσ cancel and the coefficient α gets fixed in terms of β. Once we
have fixed β in terms of α, the self duality constraint implies the field equation for A4;
clearly, it is stronger, and must be imposed by hand.

29One needs

Im (τ ′) =
Im (τ)

|cτ + d|2
;

Re (τ ′)

Im (τ ′)
=

(ad+ bc) Re (τ) + ac|τ |2 + bd

Im (τ)

One finds then that M transforms as follows

M′ =
1

Im (τ)


a2|τ |2 + 2abRe (τ)

(
ac|τ |2 + bd
+(ad+ bc) Re (τ)

)
+b2(

ac|τ |2 + bd
+(ad+ bc) Re (τ)

)
c2|τ |2 + 2cdRe (τ)

+d2


and this expression is equal to mMmT with m given in (10.217).
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We present two alternative expressions for the action of the dilaton and axion which
will be used when we discuss the decomposition of Mij into vielbeins

L =
1

4
tr∂µM∂µM−1 = − ∂µτ∂

µτ̄

2(Imτ)2
= −1

2
(∂µϕ∂

µϕ+ e2ϕ∂µA∂
µA) (10.224)

The last term shows that also the fields ϕ and A have canonical normalization.To derive
the equivalence of these expressions we write Mij and M−1,ij in terms of A and ϕ

M = eϕ
(
|τ |2 A
A 1

)
; M−1 = eϕ

(
1 −A
−A |τ |2

)
with |τ |2 = A2 + e−2ϕ (10.225)

(Recall that we shall derive these expressions forM andM−1 from the coset formalism.)
Substituting these expressions into the first expression for the action in (10.224) yields
the third expression. On the other hand, starting with the expression in terms of τ and
τ̄ , one finds

− ∂µτ∂
µτ̄

2(Im τ)2
= −1

2
e2ϕ∂µ(A+ ie−ϕ)∂µ(A− ie−ϕ)

= −1

2
e2ϕ(∂µA)2 − 1

2
(∂µϕ)2 (10.226)

The Sl(2, R) invariance of ∂µτ∂
µτ̄ /(Imτ)2 follows from

(Im τ)′ =
Im τ

|cτ + d|2
; ∂µτ

′ =
∂µτ

(cτ + d)2
(10.227)

In complex function theory of doubly-periodic functions a modular form is a function
G(τ) with weight k if it transforms as

G (τ ′) = (cτ + d)kG(τ) (10.228)

Clearly, ∂µτ is a modular form of weight −2.
Any given value of τ is invariant under a subgroup of Sl(2, R). For fixed τ , this

subgroup is determined by the three equations τ ′ ≡ aτ+b
cτ+d

= τ and ad − bc = 1. This
yields a one-parameter subgroup SO(2)30, and shows that the moduli space (the set of
all different values of τ) is the coset Sl(2, R)/SO(2). We discuss this coset in more detail
below.

30For fixed τ the subgroup is given by the following two one-parameter sets of Sl(2, R) matrices

M =

(
cR+

√
1− c2I2 −c|τ |2
c −cR+

√
1− c2I2

)
and N =

(
cR−

√
1− c2I2 −c|τ |2
c −cR−

√
1− c2I2

)
where R = Re τ and I = Im τ . Since N(c) = −M(−c), and +M and −M given the same transformation
of τ , the modular group is Sl(2, R)/Z2 (which is again a group because Z2 is an invariant subgroup) and
the subgroup SO(2)/Z2 is represented by M(c). These are matrices of Sl(2, R) if |cI| ≤ 1, and the product
of two such matrices is again a matrix with |cI| ≤ 1. (One finds g(c1)g(c2) = g(c̃) with c̃ = c1

√
1− c22I2 +

c2
√

1− c21I2 and c̃I ≤ 1.) Diagonalizing M by S−1MS = Mdiag where S = ( τ τ̄1 1 ) one finds that the

diagonal entries of Mdiag are given by
√

1− c2I2 ± icI. Setting cI = sinϕ obtains Mdiag =
(
eiϕ 0
0 e−iϕ

)
,

which shows that the subgroup is U(1) ' SO(2). So the moduli space is (Sl(2, R)/Z2)/(SO(2)/Z2) '
Sl(2, R)/SO(2).
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Let us now discuss the action in the string frame. We shall discuss the derivation of
this expression below, but first we quote the result. The bosonic part of the action reads

Lstring
bos = LNS,NS + LR,R + LCS (10.229)

where LNS,NS is the action for the NS-NS fields which has a factor e−2ϕ in front

LNS,NS =
√
−ge−2ϕ

[
− 1

2κ2
R + 4(∂µϕ)2 − 1

2

1

3!
B2

3

]
(10.230)

with B3 = dB2. The action for the R-R fields has no prefactor e−2ϕ, but it contains
modified curvatures which contain Chern-Simons-like terms

LR,R = −1

2

√
−g
[
F 2

1 +
1

3!
F̃ 2

3 +
1

5!
F̃ 2

5

]
F1 = dA, F̃3 = dA2 + AB3 = F3 + AB3

F̃5 = dA4 −
b

2
A2 ∧B3 +

b

2
B2 ∧ F3 (10.231)

Finally, the Chern-Simons-like term is unchanged

LCS = −2καA4 ∧B3 ∧ F3 (where B3 = dB2 and F3 = dA2) (10.232)

As explained in chapter 18, the closed string coupling constant is gcl = eϕ0 where
ϕ0 = 〈ϕ〉, hence the σ-model action for the NS-NS sector has a factor g−2

cl = e−2ϕ0 in
front. This explains why there is a prefactor e−2ϕ in front of the action in (10.230). Since
the R-R sector is not part of the σ-model, there are no factors eϕ in (10.231). Finally,
gauge invariance of the Chern-Simons term rules out any dependence on eϕ in (10.232).

To show that this string-inspired action is equivalent to the supergravity action, one
must relate the metrics by a Weyl rescaling which removes the factor e−2ϕ from the
string-inspired action. Denoting the metric in the string frame by gSµν and the metric in
the Einstein frame by gEµν (so gµν in (10.230) stands for gSµν , but gµν in (10.214) stands

for gEµν), it is clear that e−2ϕ
√
−gSR(gS) =

√
−gER(gE) + . . . if

gSµν = e
1
2
ϕgEµν (10.233)

Then one finds no factor eϕ in front of the dilaton action, a factor e2ϕ in front of the axion
action, as in (10.224), still no factor eϕ in front of the action for the selfdual field A4,
while the terms in the string-inspired action containing B3 and F3 yield the combination
Bi

3MijB
j
3 in the Einstein frame. Namely, after the Weyl rescaling one finds

e−ϕB2
3 + eϕ(F3 + AB3)2

= B2
3(e−ϕ + eϕA2) + 2B3F3(eϕA) + eϕF 2

3

= eϕ(B3F3)

(
|τ |2 Reτ
Reτ 1

)(
B3

F3

)
(10.234)

The modified curvatures F̃3 and F̃5 satisfy dF̃3 = F1 ∧ B3 and dF̃5 = −bF3 ∧ B3.
The curvatures B3 and F̃3 are gauge-invariant, but F̃5 has a usual and an unusual gauge
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invariance

δF̃5 = δ
(
F5 − b

2
A2 ∧B3 + b

2
B2 ∧ F3

)
= 0 if

δA4 = dλ3 (usual)

δB2 = dλ1, δA4 = − b
2
λ1 ∧ F3 (unusual)

δA2 = dλ′1, δA4 = b
2
λ′1 ∧B3 (unusual) (10.235)

The Chern-Simons term A4 ∧ B3 ∧ F3 is invariant under these usual and unusual gauge
transformations because F3 and B3 are invariant, whereas δA4 ∼ λ′1 ∧ B3 or δA4 ∼
λ1 ∧ F3 are also invariances because B3 ∧ B3 and F3 ∧ F3 vanish. For F̃3 = F3 − AB3

no unusual gauge invariance is present because A cannot vary into the d of something,
but the structure of F̃3 and F̃5 is similar and the structure of F̃3 follows from Sl(2, R)
invariance, as we have shown in (10.234).

Under a Weyl rescaling the Chern-Simons term does not change because it is indepen-
dent of the metric, but the substitution gSµν = e

1
2
ϕgEµν into the Einstein action produces

another term proportional to (∂µϕ)2

e−2ϕ
√
−g(S)R(gS) =

√
−gE

(
R(gE)− 9

2
gµνE ∂µϕ∂νϕ + total derivative

)
(10.236)

If we normalize ϕ such that it appears as −1
2
(∂µϕ)2 in the Einstein frame, it must appear

in the string frame as 4(∂µϕ)2, and this is the reason for this normalization in (10.230).31

After these general introductory remarks we turn to the central issue we want to
discuss: the coset approach which gives the local susy transformation rules and corre-
sponding field equations. Coset approaches restrict the way scalars (and pseudoscalars)
appear in the action and transformation rules, and this is very useful because without
these restrictions there are an enormous number of possibilities because κϕ is dimension-
less. In this sense coset methods for spin zero fields are as useful as gauge invariance for
vectors and antisymmetric tensors.

As a warming up exercise, and to develop some intuition, we consider the vielbein fields
eµ
m of General Relativity in d Euclidean dimensions. At a given point x, they are arbitrary

real d× d matrices. We view them as group elements of Gl(d,R). In General Relativity,
one can make the vielbein fields symmetric by a suitable local Lorentz transformation,
and this motivates to decompose the generators of Gl(d,R) into coset generators Kmn

and Lorentz generator Lmn. We decompose the vielbein field into a product of a coset
factor and a subgroup factor

eµ
m(x) = e

1
2
γmn(x)Kmne

1
2
ϕmn(x)Lmn . (10.237)

So Lmn are the generators of the compact subgroup SO(d,R) and Kmn the extra non-
compact generators of GL(d,R). The Lmn are antisymmetric in (mn) while the Kmn are
symmetric. Under a combined Einstein and local Lorentz transformation the vielbeins
transform in General Relativity as follows

e
′m
µ (x′) =

∂xν

∂x′µ
eν
n(x)λn

m(x) (10.238)

31There is an easy way to calculate the coefficient − 9
2 . Setting gSµν = ηµν + hµν , the terms quadratic

in hµν in the Einstein action −√gR(g) form the so-called Fierz-Pauli action LFP = − 1
4h

2
µν,ρ + 1

2h
2
µ −

1
2h

µh,µ + 1
4h

2
,µ where hµ = ∂νhµρη

ρν and h = hµνη
µν . Replacing gSµν = e

1
2ϕgEµν by gSµν = ηµν(1 + 1

2ϕ)

and substituting into LFP , one obtains the factor − 9
2 in (10.236): − 1

4

(
− 5

2 + 1
2 − 5 + 25

)
= − 9

2 .
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We consider the case that ∂xν

∂x′µ
is a constant matrix, which we view as an element of the

rigid group G = Gl(d,R). (This corresponds to general coordinate transformations that
are linear in xµ). On the other hand λn

m(x) are elements of its maximal compact subgroup
H = SO(d,R) with local parameters. (The gauge fields for H are not independent gauge
fields, but functions of the scalars, namely the spin connection ωµ

mn is a function of eµ
m).

By definition the rigid group G acts from the left on the vielbein, and the local group
H from the right. We can choose a gauge in which eµ

m = exp 1
2
γmnKmn by removing the

exp 1
2
ϕmnLmn by a local H transformation. This yields the coset representatives of the

coset Gl(d,R)/SO(n). Another property of the vielbein formalism in General Relativity
which we will take over to the coset approach of supergravity theories concerns the fields
with nonvanishing spin. In General Relativity spin 1

2
fields transform under the local

Lorentz group and bosonic fields with curved indices transform under general coordinate
transformations. (The same holds for the gravitino gauge fields if one makes its vector
index flat by contraction with a vielbein field.) In the coset approach we are now going
to develop we will likewise assume that the fermions transform under a local subgroup
H, while the bosons transform under a rigid group G. In General Relativity one has
more than a rigid symmetry group, namely Einstein (general coordinate) transformations.
(The local Lorentz transformations can be used to reduce the number of scalar fields in
the vielbein field from 16 to 10, while the 4 general coordinate transformations “shoot
twice”, and eliminate 2 × 4 of the remaining 10 scalars, leaving 2 degrees of freedom for
a massless graviton.) In the coset approach for spin 0 fields there is no equivalent of
Einstein transformations.

We shall now begin our discussion of the coset approach to the spin 0 fields in super-
gravity by discussion how to write the metricMij in (10.214) as a product of two vielbein
fields. Consider the following expression

Mij = Vi
aVj

bδab (10.239)

The δab is the H = SO(2) invariant metric on the coset space, just as in General Relativity
with gµν = eµ

meν
nηmn the ηmn is an H = SO(3, 1) invariant metric. The vielbein fields

Vi
a of a coset space G/H are in general arbitrary group element of G, whose index i

transforms under the rigid group G and its index a transforms under the local group H.
For Sl(2, R)/SO(2) this gives

(Vi
a)′ = mi

jVj
bhb

a ; h =

(
cos θ sin θ
− sin θ cos θ

)
. (10.240)

The group elements h cancel in the metric (because hδhT = δ), but they can be used to
choose a gauge in which one of the matrix elements of V vanishes. We choose the same
matrix element as in Kaluza-Klein compactification: the lower-left element. Then V takes
on the following from

Vj
b =

(
f g
0 1

)
1√
f
. (10.241)

These group elements are the coset representatives32 of the coset elements Sl(2, R)/SO(2)
and depend on two coset coordinates, which we denote of course by Re τ = A and Im τ =

32The vielbeins Vi
a are group elements. If we denote them by g we can construct g−1dg which lies in

the Lie algebra and contains coset-vielbeins and subgroup connections. These objects play no role in our
discussion; only the coset representatives Vi

a play a role.
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e−ϕ. If A = 0 and ϕ = 0, V should become the unit element, but if ϕ = 0 and A nonzero,
we should obtain the term −1

2
(∂µA)(∂µA) in (10.224). Thus A can appear in g but not

in f , because otherwise f or f−1 would yield 1
A

terms. So we may set

Vj
b =

(
f Ã
0 1

)
1√
f

(10.242)

where Ã can still be of the form gA + h, and where f, g, and h may still depend on
Im τ = e−ϕ. However, if one constructs the metricMij for this vielbein withM given in
(10.239), and then the action 1

4
tr(∂µM)(∂µM−1), one finds that many terms cancel, and

one is left with

L = 1
4
tr(∂µM)(∂µM−1) = 1

2
(∂µf)(∂µf−1)− 1

2
(∂µÃ)(∂µÃ) 1

f2
. (10.243)

It is then clear upon comparison with (10.224) that Ã = A and f = e−ϕ. So the vielbein
is given by

Vj
b =

(
Im τ Re τ

0 1

)
1√

Im τ
=

(
e−

ϕ
2 Ae

ϕ
2

0 e
ϕ
2

)
. (10.244)

ThenMij is as given in (10.216) and (10.225). In fact, one can write Vj
b in the following

simple form
Vj

b = eAτ+e−
1
2
ϕτ3 (10.245)

where τ+ = ( 0 1
0 0 ) and τ3 = ( 1 0

0 −1 ) are the coset generators in the defining representation,
and τ0 = ( 0 1

−1 0 ) is the generator of the subgroup SO(2).
Although we have completed the task of finding Mij, let us still study the explicit

transformation rules of the vielbein under G and H. If one makes a G transformation,
the lower-left entry will in general no longer vanish, but one can make compensating
local-H transformation which brings this entry back to zero. Then the combination of
“G-transformation plus compensating H transformation” should transform Vi

b in exactly
the same way as when one transforms Im τ and Re τ under Sl(2, R)

(Vi
a)′ =

(
Im τ ′ Re τ ′

0 1

)
1√

Im τ ′
= mi

jVj
bhb

a

=
1√

Im τ

(
a Im τ aRe τ + b
c Im τ cRe τ + d

)(
cos θ sin θ
− sin θ cos θ

)
(10.246)

From the requirement that the lower-left entry vanishes we fix the H transformation

c Im τ cos θ = (cRe τ + d) sin θ ⇒ tan θ =
c Im τ

cRe τ + d
. (10.247)

Then, for example, we find for the upper-left entry of V
√

Im τ ′ = 1√
Im τ

[a Im τ cos θ − (aRe τ + b) sin θ] . (10.248)

Using Im τ ′ = Im τ
|cτ+d|2 and

cos θ =
1√

1 + tan2 θ
=

cRe τ + d√
(cRe τ + d)2 + (c Im τ)2

=
cRe τ + d

|cτ + d|

sin θ =
√

1− cos2 θ =
c Im τ

|cτ + d|
(10.249)
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we find agreement. Also the other two matrix elements of V transform in this way. Thus
coset theory has given us the matrix Mij, but it also has shown that with only ϕ and
A one is working in an H-gauge, and that a more general formalism should exist with
three fields (ϕ, A and a third field) and with an arbitrary vielbein field Vi

a and with
two unconstrained symmetries: a rigid symmetry G, and a local symmetry H. Using this
general coset formalism will allow us to construct the theory: the field equations and the
supersymmetry transformation rules.

For this construction the SU(1, 1) approach to the spin zero fields A and ϕ of 2B
supergravity is easier to work with than the equivalent Sl(2, R) approach. The group
SU(1, 1) is isomorphic to Sl(2, R), but the local U(1) symmetry we shall encounter is
more easily displayed using SU(1, 1). For the benefit of readers who are not familiar with
the isomorphicity of SU(1, 1) and Sl(2, R) we briefly review this bit of group theory.

The group SU(1, 1) consists of those complex 2×2 matrices M with unit determinant
that leave z∗σ3z = x∗x − y∗y with z = ( xy ) invariant. They satisfy M †σ3M = σ3 and
detM = 1. Infinitesimally M = 1 +m where m†σ3 + σ3m = 0 and tr (m) = 0. Hence for
SU(1, 1) the Lie algebra elements m and the finite group element M are given by

m = a1σ1 + a2σ2 + ia3σ3 ; M =

(
a b
b∗ a∗

)
;

with aj ∈ R and |a|2 − |b|2 = 1

(10.250)

Compare this with the group Sl(2, R) which are the 2× 2 real matrices with unit deter-
minant. Clearly for Sl(2, R)

m = b1σ1 + ib2σ2 + b3σ3 ; M =

(
a b
c d

)
;

with bj ∈ R , ad− bc = 1 , and {a, b, c, d} ∈ R
(10.251)

Two other groups which are closely related but do not play a role below are Sp(2, R) which

are the 2 × 2 real matrices leaving
(
x
y

)T
( 0 1
−1 0 )

(
x
y

)
invariant, and USp(2), which are the

2× 2 complex unitary and symplectic matrices. Infinitesimally mT ( 0 1
−1 0 ) + ( 0 1

−1 0 )m = 0
with real m for Sp(2, R), and m† = −m and mT ( 0 1

−1 0 ) + ( 0 1
−1 0 )m = 0 with complex m

for USp(2). The soluton is

Sp(2, R) : m = c1σ1 + ic2σ2 + c3σ3 ; cj real

USp(2) : m = id1σ1 + id2σ2 + id3σ3 ; dj; real (10.252)

Clearly USp(2) is isomorphic to SU(2), and Sl(2, R) is isomorphic to Sp(2, R). Fur-
thermore, the defining representations of SU(1, 1), Sl(2, R) and Sp(2, R) are related by
similarity transformations. In particular, SU(1, 1) and Sl(2, R) are related by the sim-
ilarity transformation which rotates σ3 into σ2 and σ2 into −σ3. This is the matrix
U = exp iπ

4
σ1 = 1√

2
(1 + iσ1). One may check that U maps the generators of SU(1, 1) onto

the generators of Sl(2, R)(
1 + iσ1√

2

)
(a1σ1 + a2σ2 + ia3σ3)

(
1− iσ1√

2

)
= a1σ1 + ia3σ2 − a2σ3 (10.253)
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We begin the coset approach by introducing a vielbein field for the group G = SU(1, 1)

V α
a =

(
A(x) B(x)
B∗(x) A∗(x)

)
, |A|2 − |B|2 = 1 (10.254)

It leaves the form
(
x
y

)†
σ3

(
x
y

)
with complex x and y invariant and has unit determinant.

The symbols εαβ are invariant tensors of SU(1, 1) because of the S in SU(1, 1),

Mα
α′M

β
β′ε

α′β′ = εαβ detM = εαβ (10.255)

and can be used to lower the upper (curved) index of V α
a. If we also use εab to raise the

lower (flat) index a and εαβ to lower (curved) index α according to the following convention
V b

β = εbaεβαV
α
a (which differs by a sign from our usual Northwest-Southeast convention),

then V b
β is the matrix inverse of V α

a. So, as in General Relativity, V α
aV

a
β = δαβ and

V a
αV

α
b = δab.

A group element of SU(1, 1) can be written (at least near the identity) as

Mα
β = exp[a1σ1 + a2σ2 + ia3σ3] (10.256)

with real a1, a2 and a3. The subgroupH is generated by iσ3, which is the maximal compact
subgroup U(1) of SU(1, 1). The commutation relations show that the coset generators
σ1 and σ2 form a representation of the subgroup: [σ1, iσ3] = 2σ2 and [σ2, iσ3] = −2σ1,
and since [σ1, σ2] = iσ3 we are dealing with a symmetric algebra. Hence under finite rigid
SU(1, 1) and local U(1) transformations V transforms as follows

(V α
a)
′ = Mα

βV
β
bΛ

b
a(x) (10.257)

where Mα
β = ( a b

b∗ a∗ ) is a constant matrix in SU(1, 1), and Λb
a = exp iΣ(x)σ3 is a local

element of U(1). Denoting

V α
a =

(
V 1

+ V 1
−

V 2
+ V 2

−

)
(10.258)

we see that under an infinitesimal H transformation

δHV
α
± = ±iΣ(x)V α

± (10.259)

where Σ(x) is the U(1) gauge parameter. If we define that a field with charge U trans-
forms as δϕU(x) = iUΣ(x)ϕU(x), then it follows that V α

± have charge ±1. Under an
infinitesimal G transformation, V transforms according to (10.256) as follows

δGV
α
± = mα

βV
β
± , m =

(
ia3 a∗

a −ia3

)
, a = a1 + ia2 (10.260)

Every group element of G can be written in a unique way as

V = eξ
rKreuH (10.261)
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where Kr are the coset generators and H the subgroup generators. The transformations
V ′ = gV with g = ea

rKr form a nonlinear representation of G on ξr, because ξr →
ξr + ar + . . .. One can choose the gauge in which V only contains coset generators

V = eξ
r(x)Kr (10.262)

(In General Relativity this corresponds to choosing symmetric vielbein fields.) If we then
make a rigid G transformation on V , we need a compensating H-transformation to stay
in the gauge. On the other hand, we can still make a diagonal rigid H-transformation,
diagonal meaning that we use only the subgroup H in G, and simultaneously act with
the same rigid H-transformation on the right. Then the coset fields ξr form a linear
representation of the rigid subgroup H of G as follows from

HVH−1 = eHξ
rKrH−1

= eξ
′rKr (10.263)

where ξ′r = Lrsξ
s with L a matrix in the coset representation of H. We used that

HKrH
−1 is a linear combination of K generators.

In supergravity theories the massless states with a given helicity form linear representa-
tions of the R symmetry group of the abstract superalgebra, in fact totally antisymmetric
tensor representations. (These states are of the form Qi1

1 . . . Q
in
1 |0〉 and they are totally

antisymmetric because {Qi
1, Q

j
1} = 0.) This suggests to identify H with the R symmetry

group. This is not quite correct, sometimes H is a subgroup of R. For example, for N = 8
sugra in d = 4 the R symmetry group is U(8), but in the representation of the N = 8 field
theory the 35 scalars Aijkl and 35 pseudoscalars Bijkl satisfy a (anti)self duality equation

Aijkl = 1
4!
εijkl pqrsApqrs

Bijkl = − 1
4!
εijkl pqrsBpqrs (10.264)

and (A+ iB)ijkl satisfies the reality condition

(A+ iB)∗ijkl ≡
(
(A+ iB)ijkl

)∗
= 1

4!
εijkl pqrs(A+ iB)pqrs (10.265)

Since the ε symbol is an invariant tensor of SU(8) but not of U(1), this reduces the
group R = U(8) to SU(8). Taking H = SU(8), it follows that one needs a group G
with 70 + 63 = 133 generators. This is the maximally noncompact version33 of E7, so
the 70 scalars in the N = 8 d = 4 model form the coset E7/SU(8). Quite generally in
supergravity theories, H is a maximally compact subgroup of G.

To obtain the kinetic term in the action for the coset field V α
a, we shall construct

composite objects from the V α
a which transform as tensors under H. We also need con-

nections to obtain H-covariant derivatives (just as the spin connections for local Lorentz
symmetry in General Relativity). Since in the action with only the coset fields ϕ and
A present the G symmetry is no longer visible, we look for SU(1, 1) invariant objects.
There are two such objects: a composite gauge field Qµ and a field strength Pµ. Recall

33In a simple Lie algebra, the number of noncompact generators minus the number of compact gener-
ators is at most equal to the rank of the Lie group. This agrees with 70 − 63 = 7, and one denotes this
noncompact version of E7 by E7,7.
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that if g is a group element of some Lie group then g−1∂µg lies in the Lie algebra, so it
has a part that lies in H and this yields Qµ, and a part that lies in the coset and this
yields Pµ. Namely (V −1)aα = εabεαβV

β
b as we showed before, hence (g−1∂µg)ac becomes

(εabV β
bεαβ)∂µV

α
c. Taking the trace with TH = i(σ3)ca yields, since σ2σ3 = iσ1

Qµ ∼ V β
+∂µV

γ
−εγβ + V β

−∂µV
γ

+εγβ (10.266)

Actually, the second term is equal to the first (partially integrate, using V β
−V

γ
+εγβ =

detV = 1), hence
Qµ = iV β

+∂µV
γ
−εβγ, (10.267)

which is real34. Similarly using Pµ
rσr =

(
Pµ

1 + iPµ
2
) (

σ1−iσ2

2

)
+
(
Pµ

1 − iPµ2
) (

σ1+iσ2

2

)
and taking traces yields

Pµ
1 + iPµ

2 ≡ Pµ = V β
+∂µV

γ
+εβγ ; Pµ

1 − iPµ2 ≡ P̃µ = V β
−∂µV

γ
−εβγ (10.268)

The G-invariant objects we shall use are given by

Qµ = iV α
+∂µV

β
−εαβ

Pµ = iV α
+∂µV

β
+εαβ

P ∗µ = iV α
−∂µV

β
−εαβ = (Pµ)∗ (10.269)

Since V α
+V

β
−εαβ = detV = 1, it is clear that under local gauge transformations

δHV
α
± = ±iΣ(x)V α

± the object Qµ transforms as a U(1) connection

δHQµ = ∂µΣ (10.270)

On the other hand, Pµ transforms as a tensor with U(1) charge 2

δHPµ = 2iΣ(x)Pµ (10.271)

because V α
+V

β
+εαβ = 0. Both Qµ and Pµ are G-invariant. We can use Qµ to define

covariant derivatives. If ϕU has charge U , then DµϕU = ∂µϕU−iUQµϕU is U(1) covariant,
in particular DµP

µ = (∂µ − 2iQµ)P µ might be a good guess for the field equation for V .
As kinetic term in the action one might take L ∼

√
−g gµνP ∗µPν . In fact, the expression

tr ∂µM∂µM−1 which we derived before (using G/H = Sl(2, R)/SO(2)), is just of this
form, as one may check by using the expression for M in terms of vielbeins.

The fields eµ
m and Aµνρσ are SU(1, 1) and U(1) invariant. The fields Bµν and Aµν

are written as A α
µν where α = 1, 2 is a curved SU(1, 1) index. The fermions ψµ and λ

are taken to be complex (there were two real fields of each) and are G invariant, and
H-tensors with U = 1

2
and U = 3

2
, respectively. The complex local susy parameter ε is

chiral and has also U = 1
2

because δψM = ∂Mε+ · · · .
One can now construct the field equations, and from them the action, as follows.
(1) One begins with the local susy algebra. Rigid SU(1, 1) and local U(1) symmetry

restrict the possible terms in the transformation rules considerably. Since there are no
auxiliary fields for 2B supergravity, one finds some field equations on the right-hand side

34Use (V 1
+)∗ = V 2

− and (V 2
+)∗ = V 1

−, which follows from (10.254).



626 CHAPTER 10. SUPERGRAVITIES.

of the local susy commutator [δ(ε1), δ(ε2)]ϕ for some of the fields ϕ (the fermions and
Aµνρσ).

(2) Making local susy transformations of these field equations, one obtains all other
field equations.

The program is tedious, but straightforward. A detailed and complete discussion is
given in [117]. In fact, this whole coset approach is a simplified version of the E7/SU(8)
coset approach of Cremmer and Julia applied to N = 8 d = 3 + 1 supergravity [109]. We
give a few examples of susy transformation rules. Their SU(1, 1) covariance is obvious,
while the U(1) covariance puts severe further restrictions on the possible terms. Their
coefficients are fixed by imposing the susy gauge algebra.

δV α
+ = κV α

−ε̄
∗λ

δV α
− = κV α

+ε̄λ
∗

}
λ has U(1) weight 3

2
and ε has U(1) weight 1

2
.

δPµ = κ(∂µε̄
∗)λ+ · · · ⇒ P̂µ = Pµ − κ2ψ̄ ∗µλ is supercovariant.

δAαµν = V α
+ε̄
∗γµνλ

∗ + V α
−ε̄γµνλ

+ 4iV α
+ε̄γ[µψ

∗
ν] + 4iV α

−ε̄
∗γ[µψν]

}
the U(1) weights match.

δAµνρσ = 2Re ε̄γ[µνρψσ] − 3
8
iεαβA

α
[µνδA

β
ρσ] (10.272)

The susy gauge algebra yields then the ψ, λ, and Aµνρσ field equations, and their susy
transformation yields the bosonic field equations.

10.8 Supergravitational Chern-Simons theory.

There exists a super-Yang-Mills Chern-Simons term in 3 dimensions. It is given in terms
of forms by L = LBCS + LFCS with

LBCS = γabF
a(A)Ab + 1

6
fabcA

cAbAa ; LFCS = αγabλ̄
aλb (10.273)

where γab is the Killing metric (which is often normalized to δab), fabc are the structure
constants, F a(A) = dAa − 1

2
fabcA

cAb, λa is the gaugino, and α is a constant which can
be fixed by requiring local susy invariance. To eliminate dimensionless constants, A has
dimension 1 and λ has dimension 3

2
, instead of the canonical 1

2
and 1. The bosonic part

of the action has one derivative more than the fermionic part.
There exists also a supergravitational Chern-Simons action in 3 dimensions with the

same features. It plays a role in the anomaly cancellation in 10 dimensions. It contains
the sum of the usual bosonic Chern-Simons term, but now for the supercovariant spin
connection ωµ

mn(e, ψ) instead of the Yang-Mills connection Aaµ, and a term which contains
two curls of a dimension 1

2
gravitino [118]

L = LBCS + LFCS ; LBCS = εµνρ
(
∂µων

mn + 2
3
ωµ

mkωνk
n
)
ωρmn

LFCS = A
(
εµαβDαψ̄β

)
e−1τντµ

(
ενγδDγψδ

)
with Dγψδ = ∂γψδ + 1

4
ωγ

mnτmnψδ. (10.274)

Here A is a constant whose value can be fixed by requiring local susy invariance35 and
τµ are 2 × 2 Pauli matrices with curved indices. The structure τντµ instead of a linear

35Use that LBCS varies into εµνρRµν
mn(ω)δωρmn, where δωρmn = κ

4 ε̄
(
τnψ̂ρm − τmψ̂ρn − τρψ̂mn

)
with

ψ̂µν = Dµψν −Dνψµ. The leading variation of LFCS comes from [Dγ , Dδ]ε and contains also a Riemann
curvature.
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combination of τντµ and ηµν is needed for local susy, but it is complicated to prove this by
direct calculation. Also the calculation of A is tedious. Actually, this action represents
N = 1 conformal supergravity in d = 2+1, and it is invariant under all gauge symmetries
of the superconformal algebra as will be obvious [119]

Pm : Einstein (general coordinate) invariance (see below);

Mmn : local Lorentz; D : local scale (Weyl); Km : conformal boosts;

Qα : ordinary susy (α = 1, 2); Sα : conformal susy (α = 1, 2).

The superalgebra is OSp(1|4) where Sp(4, R) ∼ SO(3, 2) contains the ten generators
Mmn, Pm, Km and D. The algebra of SO(3, 2) reads

[MKL,MPQ] = ηLPMKQ + 3 terms (10.275)

where ηKL = (−1,+1,+1,+1,−1) for K,L = 0, 1, 2, 4, 5. Then Mmn with m,n = 0, 1, 2
are the Lorentz generators, M45 = D and Pm = Mm4+Mm5, while Km = Mm4−Mm5. The
spinor representation of SO(3, 2) in terms of 4× 4 Dirac matrices γp satisfying {γp, γq} =
2ηpq with ηpq = (−1,+1,+1,+1) for p, q = 0, 1, 2, 3 is given by MKL = 1

4
(ΓKΓL − ΓLΓK),

where ΓK = (iγ0γ3, iγ1γ3, iγ2γ3, γ3, γ3γ5) satisfies {ΓK ,ΓL} = 2ηKL. It follows that

Mmn = 1
2
γmn , D = 1

2
γ5 , Pm = i

2
γm(1 + γ5) , Kn = i

2
γn(1− γ5) . (10.276)

An explicit real 4× 4 matrix representation of Sp(4, R) is as follows36

γm =

(
0 −iτm
iτm 0

)
with τ0 =

(
0 1
−1 0

)
, τ1 =

(
0 1
1 0

)
, τ2 =

(
1 0
0 −1

)
and γ5 =

(
1 0
0 −1

)
.

(10.277)

Then Pm =

(
−τm

)
and Km =

(
τm
)

. Using this 4× 4 spinor representation

of SO(3, 2) ∼ Sp(4), one can construct a 5 × 5 real supermatrix representation of the
generators of OSp(1|4) of the following form Sp(4)

Sα

Qα

Qβ Sβ 0

; (Qα)βγ =

 0
0

−(C−1)βα

δαγ 0 0

; (Sα)βγ =

 0
−(C−1)βα

0
0 δαγ 0

.
(10.278)

From this explicit representation one may read off the (anti)commutators; for example
[Km, Q

α] = (τm)αβS
β and [Pm, S

α] = −(τm)αβQ
β while [Km, S

α] = [Pm, Q
α] = 0.

There is an elegant geometrical derivation of this action, and it follows from this
derivation that the action is indeed invariant under all 10 bosonic + 4 fermionic gauge
symmetries. The idea is to start from the following action

S =

∫
d3x

(
γABR

BωA + 1
6
fABCω

CωBωA
)

(10.279)

36Since Mspin
KL = 1

4 (ΓKΓL − ΓLΓK) satisfies C5M
spin
KL + Mspin,T

KL C5 = 0, and the charge conjugation

matrix C5 in 5 dimensions is antisymmetric and satisfies C5ΓKC
−1
5 = +ΓTK , the matrices Mspin

KL generate
Sp(4, R). In the representations of (10.277), C5 ∼ Γ2Γ3.
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where ωA are all 14 connection 1-forms and RA the corresponding curvatures

RA = dωA − 1
2
fABCω

CωB . (10.280)

The constants γAB constitute the Killing metric of the superalgebra (which is nonsingular
because OSp(1|4) is simple), while fABC are the structure constants of OSp(1|4). In
terms of Mmn, Pm, Km, D, Q and S, the action reads

L = −5
2
Rmn(M)ωmn − 10R(P )mfm + 20R(Q)φ− 10R(K)mem + 20R(S)ψ + 5R(D)b

+ terms from 1
6
fABCω

CωBωA . (10.281)

Just as for the ordinary Chern-Simons action of Yang-Mills theory, (10.279) is gauge
invariant under all 14 gauge symmetries due to the Bianchi identities

δωA = (Dε)A ≡ dεA + fABCε
CωB = dεA − fABCωCεB

δRA = fABCε
CRB = −fABCRCεB . (10.282)

However, rather than invariance under P gauge transformations (given by (10.282)), one
wants Einstein invariance (invariance under general coordinate transformations). The
relation between them is as follows

δEin(ξ)ωµ
A = ξν∂νωµ

A + (∂µξ
ν)ων

A

= ∂µ(ξνων
A)−fABCωµCξνωνB +ξν

(
∂νωµ

A − ∂µωνA+fABCωµ
Cων

B
)

= Dµ(ξνων
A) + ξνRνµ

A (10.283)

We added and subtracted the terms in bold in order to write the Einstein transforma-
tion of ωµ

A as a sum of all gauge symmetries with parameters ξνων
B, including P gauge

transformations, and a term with the curvature of ωµ
A. It follows that a P gauge trans-

formation of ωµ
A is a sum of all other gauge symmetries and an Einstein transformation

if the curvature of ωµ
A vanishes. This leads to the following constraints [119]

R(P ) = R(Q) = 0 . (10.284)

From R(P ) = 0 one finds ωµmn = ωµmn(e, ψ) + eµmbn − eµnbm, where ωµmn(e, ψ) is the
supercovariant spin connection, R(Q) = 0 yields the S gauge field φαµ as the curl of the
Q gauge field (which is of course the usual gravitino)

φαµ = 1
2
τ ν
[
(Dµ − 1

2
bµ)ψαν − (Dν − 1

2
bν)ψ

α
µ

]
− e

2
εµ
ρσ(Dρ − 1

2
bρ)ψ

α
σ . (10.285)

If one substitutes these constraints and their solutions into the action, all terms with the
conformal boost gauge field fµ

m cancel (because δS
δfµm

∼ εµνρRmνρ(P ) and R(P ) = 0)

and also all terms with the Weyl gauge field bµ cancel37, and one obtains the action
LBCS + LFCS.

37One can of course check this explicitly (for example a term db b from R(D)b is canceled by a similar
term from R(M)mnωmn). However, there is a nice way to prove this which uses the K-gauge invariance
of the action. At this point, we are left with three independent fields, the vielbein, the gravitino and bµ.

Only bµ transforms, namely as δbµ = ξ
(K)
µ . So one can gauge away bµ, or equivalently, all terms with bµ

must cancel.
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The invariance of (10.274) under Q susy (δeµ
m = 1

2
ε̄τmψµ, δψµ = Dµ(ω(e, ψ))ε), S

susy (δeµ
m = 0, δψµ = τµη), and Weyl symmetry (δeµ

m = λW eµ
m, δψµ = 1

2
λWψµ) is

tedious to check by direct calculation. The invariance under Einstein and local Lorentz
transformations is obvious. Both eµ

m and ψµ are K inert.
So we have been able to show that LBCS + LFCS is invariant under all 14 gauge

symmetries without any actual calculation. However, there remains still the issue raised
in the beginning: the value of the constant A and the reason for the structure τντµ in
(10.274). Both problems are solved by using S susy, rather than Q susy, under which
not only the ψµ in LFCS but also ψµ in ω̂µ

mn(e, ψ) in LBCS transform. Considering only
leading terms, a rather easy calculation confirms the structure τντµ, and at the same time
fixes A = −1

2
.

Actually, the action LBCS+LFCS can also be viewed as a Poincaré supergravity theory.
The Poincaré susy transformation rules are a linear combination of the Q and S susy of
conformal supergravity

δPoinQ (ε) = δconfQ (ε) + δconfS (Sε) (10.286)

and one finds the standard laws, after rescaling ψµ by κ−1,

δeµ
m = κ

2
ε̄τmψµ ; δψµ = 1

κ
Dµ(ω(e, ψ))ε+ ατµSε . (10.287)

The action of Poincaré supergravity reads

L = − e
2κ
R− e

2
ψ̄µτ

µρσDρψσ − e
2
S2 (10.288)

and one also needs the transformation law of S; it is supercovariant and reads δS =
αε̄τµνDµψν−2α2κ(ε̄τµψµ)S. Susy invariance of the action, or closure of the gauge algebra,

fixes α to be
√

2
4

. It follows that one can add the Poincaré sugra and Chern-Simons sugra,
and even add a cosmological constant, while preserving local Poincaré susy.[119]
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10A The remaining variations of N = 1 d = 4 Sugra.

The easiest way to analyze the remaining variations of the action mentioned below (10.38)
is to write the action in (10.21) as follows

L(E) = − e

2κ2
R =

−1

8κ2
εµρστεmrstRµρ

mneσ
seτ

t

L(RS) = −e
2
ψ̄µγ

µρσDρψσ = − i
2
εµρστ ψ̄µγ5γτDρψσ

(10A.1)

This is obviously only possible in 4 dimensions. This result follows from the identities

eγµρσ = iεµρστγ5γτ , ε0123 = +1 (10A.2)

with γ5 = γ1γ2γ3iγ0 hence, γ2
5 = 1; and further

εµνρσεmnrseρ
reσ

s = −2e(em
µen

ν − emνenµ), ε0123 = −1 (10A.3)

The variations of the vielbeins in the Einstein action and the gravitinos in the Rarita-
Schwinger action were already taken care of, but we now determine the remaining varia-
tions.

(i) The variations of ωµ
mn in the Einstein action yield after partial integration

δωL(E) = − 1

2κ2
εµρστεmrst(δωµ

mn)(Dρeσ
s)eτ

t (10A.4)

since δRµρ
mn = Dµδωρ

mn − Dρδωµ
mn. This is true whether or not ωµ

mn is an
independent field.

(ii) The variation of eτ
t in γτ in L(RS) yields

− i
2
εµρστ (ψ̄µγ5γtDρψσ)

(κ
2
ε̄γtψτ

)
(10A.5)

We use a Fierz rearrangement to bring both undifferentiated gravitinos together in
the same spinor bilinear

(ψ̄µγ5γtDρψσ)(ε̄γtψτ ) =
∑
I

−1

4
(ψ̄µOIψτ )(ε̄γtOIγ5γtDρψσ)

OI = (I, γk, iγkl with k > l, iγ5γl, γ5)

(10A.6)

However, since ψ̄µOIψτ is symmetric in (µ, τ) if OI = I, iγ5γµ or γ5, we need only
retain OI = γk or OI = iγkl. In d = 4 one has the identity

γtγklγt = 0 (10A.7)

so that only OI = γk remains. Thus we find for the vielbein variation in L(RS),
using γtγkγ5γt = 2γkγ5, the following result

δeL(RS) =
iκ

8
εµρστ (ψ̄µγkψτ )(ε̄γ

kγ5Dρψσ) (10A.8)
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(iii) The variation of ωρ
mn in L(RS) yields

− i
2
εµρστψµγ5γτ

(
1

4
δωρ

klγklψσ

)
(10A.9)

We can simplify the expression ψ̄µγ5γtγklψσ by using

γtγkl = γtkl + ηtkγl − ηtlγk = iεtklsγ5γ
s + ηtkγl − ηtlγk (10A.10)

Only the ε-term contributes because ψ̄µγ
mψρ is antisymmetric in µρ, while ψ̄µγ5γlψρ

is symmetric in µρ. Thus

δωL(RS) = 1
8
εµρστεtklseτ

t(ψ̄µγ
sψσ)(δωρ

kl) (10A.11)

(iv) The last variation we consider is due to partially integrating the term with δψ̄ =
1
κ
Dµε̄, when Dµ acts on γτ in (10A.1). It yields

δψL(RS) =
i

2κ
εµρστ (ε̄γ5γtDρψσ)(Dµeτ

t) (10A.12)

Because the spin connection ωµ
mn in Dµeτ

t is not the torsionless connection ωµ
mn(e),

the expression Dµeτ
t does not vanish.

Adding the four variations δωL(E), δeL(RS), δωL(RS), and δψL(RS), one finds that their
sum factorizes

i

2κ2
εµρστ (iεmrstδωµ

mreτ
t + κε̄γ5γsDµψτ )

(
Dρeσ

s − κ2

4
ψ̄ργ

sψσ

)
(10A.13)

One can make the replacement

γ5γs = i
6
εmrtsγ

mrt (10A.14)

and then extract two ε-symbols

δ(remaining)[L(E) + L(RS)] = − 1

2κ2
εµρστεmrst×

×
(
δωµ

mreτ
t +

κ

6
ε̄γmrtDµψτ

)(
Dρeσ

s − κ2

4
ψ̄ργ

sψσ

)
(10A.15)

This is the result in (10.39). It can be written without ε-symbols by expanding

εµρστεmrst = −24e[m
[µer

ρes
σet]

τ ] (10A.16)

but (10A.15) is simpler.


