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Entanglement Holography 



In nature, c≠0, ħ≠0, G≠0 

nature=quantum gravitational 

 



Key questions: 

 

• What are the fundamental degrees of freedom of 

quantum gravity? 

 

• Is space-time emergent (and what does this statement 

mean exactly)? 

 

• Is quantum gravity a unitary theory?  

 

• Do the rules of quantum mechanics apply to the 

fundamental degrees of freedom? 

 

• Is local effective field theory a good approximation to 

quantum gravity if curvatures are smaller than the 

Planck length? 



Key aspect of quantum field theory: locality 

 

Operators at space-like separations commute with each other. 

 

 

There is no instantaneous action at a distance 



Interesting diagnostic of locality: entanglement entropy 

Entanglement entropy = a measure of the amount of 

correlation between two systems. 

 

=the extent to which measurements in one systems 

affect measurements in the other system 

 

 



Definition:  

 

Given a state    on                         the entanglement entropy 

of A wrt B is   

     is the reduced density matrix 



Entanglement entropy in quantum field theory 

 

As a probe of locality: consider degrees of freedom associated 

to a spatial domain and its complement  

A Ac 

(various caveats) 



Entanglement entropy = infinite in continuum field theory. 

 

Needs to be regulated: short distance regulator a. 

A 



Nice setup to study some of these questions: AdS/CFT. 

 

Precise equivalence between a conformal field theory in d 

dimensions and quantum gravity in d+1 dimensions. 

 

Matches nicely with entropy of black holes and with the 

notion of a boundary Hamiltonian. 

 

Bulk fields vs boundary operators 

 

 

 

 

 

How does locality come about? 
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Use entanglement entropy?  

 

Ryu-Takayanagi proposed  

that 

 

 

 

 

 

 

 

A fairly complete proof for  

this statement has been given. 

(Maldacena-Lewkowycz) 

 

Therefore entanglement entropy is a direct probe of 

space-time geometry  

 

 



If the degrees of freedom of quantum gravity were 

approximately local, one should be able to compute their 

entanglement between some spatial domain and its 

complement. 

 

This requires a factorization 

 

  

Such a factorization is often used when computing 

Hawking radiation, when discussing the information loss 

paradox, and in many arguments pertaining to the 

(non)existence of firewalls.  

 

However this factorization fails in general. 



But for extremal surfaces 

there is a natural candidate 

factorization of the Hilbert 

Space: 

 

 

 

 

 

So there is a privileged role 

for extremal surfaces. Is  

there a reformulation of the 

theory based on extremal 

surfaces where somehow locality is more manifest? 

 

First motivation for this work. 



Another motivation to study this has to do with the role of the 

radial direction of ads as renormalization group flow. 

 

How does entanglement change as we change scales in the 

theory? 

 

Typical picture: tensor networks, in particular MERA (Vidal). 

 

Radial evolution = time evolution in a suitable quantum circuit. 

 

Proposal (Bény): natural geometry for this time evolution = de 

Sitter space. 



Third motivation: 

 

Motivated by among other by differential entropy 

(Balasubramanian, JdB, Chowdhury, Czech, Heller), 

Czech, Lamprou, McCandlish and Sully introduced 

“kinematic space”, the space of geodesics, and came up 

with a natural metric  

If the endpoints are                 and                 then  

again: de Sitter 



Fourth motivation: 

 

The first law of entanglement entropy states that 

This contains the “bulk-boundary” propagator of de Sitter 

space and hence 

 

 

 

in the spacetime with the metric 

Size of ball B = scale = time of de Sitter  

Valid in any CFT 

 

Similar equations but different 

perspective in: 

Nozaki, Numasawa, Prudenziati, 

Takayanagi; 

Bhattacharya, Takayanagi 



What is the general picture? 

 

Conjecture: For every bulk field     (or boundary operator) 

there is a corresponding entanglement-like quantity               

where P,Q are two points in Minkowski space M where the 

field theory lives. P and Q define a ball B: 

 

Standard case is entanglement  

entropy of B. 

 

The space MxM carries a natural  

metric which is invariant under the 

conformal group. 

 

All quantities               obey local, dynamical 

field equations on MxM! 

 

 

Q 

P 

B 



If we restrict P and Q such that B is part of a given fixed time 

slice then this defines a submanifold of MxM which turns out 

to be de Sitter space.  

 

Relation between balls and points in de Sitter: 

 

 



Evidence? So far only saw that           obeys a Klein-Gordon 

equation.  

 

Higher spin case: consider the following charge 

 

 

 

 

 

which can be used to define a generalization of 

entanglement entropy. Variations around the vacuum obey a 

Klein-Gordon equation with mass 

 

 

 

(Cf Belin, Hung, Maloney, Matsuura, Myers, Sierens; Hijano, Kraus)    



Beyond linear order, towards interactions? 

 

Consider a general metric of the form  

 

 

 

 

then the entanglement entropy is equal to 

 

 

 

 

with   



This obeys, in any background, 

 

 

 

 

This is like a Liouville equation, suggestion S defines a 

metric on de Sitter space in conformal gauge.  

 

 



A more interesting test: take a higher spin theory in AdS3, for 

example with massless fields of spins 2 and 3. 

 

Using the Chern-Simons formulation of the theory, and the 

relation between entanglement entropy and Wilson lines 

(JdB, Jottar; Ammon, Castro, Iqbal) we can compute both the 

ordinary entanglement entropy and its spin three 

generalization for arbitrary spin 2,3 backgrounds.   



Result 



These obey in any background 

 

 

These equations are those of SL(3) Toda theory, 

suggesting we are looking at higher spin gravity in de Sitter 

space in conformal gauge. 



Summary/open problems 

 

• Found evidence for local interacting theories that 

describe the evolution of various entanglement-like 

quantities as one changes scale. What is the 

fundamental meaning of this? 

• Generalization to arbitrary fields not entirely clear 

• Not clear why this works? Is this a fundamental property 

of arbitrary CFT’s, or only those with a weakly coupled 

gravitational dual? 

• Connection to MERA/cMERA? 

• Does this shed light on a possible holographic dual 

description of de Sitter space? 

• What is the meaning of the space MxM? 

• Bulk boundary propagator of de Sitter space is  closely 

related to structure of conformal blocks, implication of 

this connection? (cf Hijano, Kraus, Perlmutter, Snively) 

 

 


